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1. INTRODUCTION

We provide justification for the claim made in Euclid #8414.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle with P a point in the plane.

Let A’B'C" be the first Napoleon triangle.

Let Ay, be the reflection of A about line PB’.

Define A., By, Be, Cy, and Cy cyclically.

Let Py be the circumcenter of AB.Ch.

Define Pg and Pg cyclically.

Then the centroids of APgPg, BPoPc, and CPaPg form an equilateral triangle
centered at the centroid of ABC.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).
P has coordinates (zp,yp).

A’ has coordinates

(ze+1tazc/2+(32xyc) /241/2) /3, (yo+(yo —3'*+(vc = 1)) /2)/3) = (zp. yp).
B’ has coordinates

(e +xc/2 = (3% % yo)/2) /3, (yo +yo /2 + (312 % 2¢)/2)/3) = (v5, yB).

C" has coordinates
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(1/2,-3'2/6) = (xr, yr).

Line PA’ is given by the equation y = yp + (z — zp) * (yp — yp)/(zp — Tp).
Line PB’ is given by the equation y = yp + (x — xp) * (yp — yg)/(zp — xg).
Line PC" is given by the equation y = yp + (z — zp) * (yp —yr)/(xp — xF).

Ay has coordinates

(2 (((yp — ye) * (@B *yp — xp * yp))/((yp — yp)* + (xp — 25)%)), 2% (—((2p —
vp) * (xe *yp — vp*yp))/((yp — y£)* + (2P — 2p)%)))

= (z¢,Ya)-

A, has coordinates

2+ (((yp —yr) * (wp xyp —xp*xyr))/((yp — yr)* + (wp — 2p)?)), 2 % (=((zp —
xp) * (xp *yp — xp xyr))/(yp — yr)* + (vp — £)?)))

= (Z'H,yH)

B, has coordinates

(2% ((xp*ys —Tp*yp*yp —Tp*Yp*yp+Tp*ys+a%—2xxp*rp+1%)/((yp —
yp)’+ (xp—2p)?)) = 1,2% (= ((xp —xp) * ((xp — 1) xyp — (xp — 1) *yp))/((yp —
yp)* + (zp — xp)?)))

= (v1,y1).

B, has coordinates
2x((zp*yb—Tp*yr*yp —Tp*yYp*yp +rp*ys+a%h —2xxp*xxp+12)/((yp —
yr)®+ (xp —2p)?) = 1,2% (—((xp — 2p) * ((xr — 1) xyp — (xp — 1) * yr))/((yp —
yr)® + (xp — 2r)?)))

= (z5,97)-

C', has coordinates

(2% ((xp*yp —Tp*Yp *Yp — Tp * Yp *Yp + Tp * Yo * Yp — Tp * Yo * Yp + Tp *
Yh — Tp* Yo ¥ Yp + Tp * Yo * Yp + o * vH — 2% x0 * xp * Tp + 10 * %) /((yp —
yp)* + (xp —2p)?)) — 2, 2% ((yo *yp — (2% Yo * yp + (xp — x¢) * (xp — xp)) *
yp +yo *yp + (xp — x¢) * (xp — xp) *yp)/((yp — yp)* + (xp — p)?)) — yc)

= (K, YK)-

C} has coordinates

(2% ((xp*yp —Tp*xYp*xYp —Tp*Yg * Yp + Tp * Yo * Yp — Tp * Yo * Yp + Tp *
Yt — Tp*Yc *Yp + TR * Yo * Yp + T * 15 — 2% w0k Tk Tp + 1o * %)/ ((yp —
ye)* + (xp — 7p)?) — 20,2 % (Yo * yp — (2% yo * ye + (v5 — 20) * (vp — Tg)) *
yp +yo *yp + (xp —xc) * (vp —2p) xyr)/((yp — ye)* + (P — 28)%)) — yo)

= ($LayL)'

P4 has coordinates

(—(ys*xyi — (7 + %) *yr + a7 *ys)/ (2% (xyxyr —xrxys)), (vs*yi —vp*y7 +
vyxxt —atxar)/ (2% (wyxyp —xp*yg)))

= ((4*(2*;1:1:—1)2*(yc—3*yp+31/2>kxc—31/2*:1:13)>|<(—x%+2*mp*xc—y%+2*yp*
yo)* (3% 1% —3xxp+3xyb+3V2xyp+1)* (22 —3*xwo*wp— 32520 % Yyp + 3535+
3V 2xxpxyc+yz—3xycryp+3xys)+3Y 2% (2xxp—1)* (3Y2xyp—xp+1)* (vc— 3%
Tp—3Y2xyo+3V 25y p) 2k (— a2+ 25w prro— Y2+ 2% ypryc) 2+ (3% 1% — 3k p+-3x YL+
3V 2xyp4+1)+3Y2% (252 p— 1) % (3 2xyp—xp+1) % (yc —3xyp+31/ 210 — 3 2xxp)?*
(=22 4251 prwc—yd+2xyp*ryc) ?x (3% 2% — 3% p+3%yb+32xyp+1)) /(8% (252 p—
D)# (=22 4252 prro—y2+-2%ypxyc ) * (3515 —3%x p+3xy34+-3Y 2y p+1)* (yo — 31/ %%
To+2+3Y 252 p—3x3Y/ 2503, — 353V 25 y2 4253 25w ok w p+ 243V 2wy okyp )+ (02— 3%
Toxrp—3Y 2 xwoxyp+3x05+3Y 252 pryc+yd —3xycryp+3xy3)), —((2xxp—1)*
(3%xp+3Y2xyp—1)* (10 —3%xp—3Y 2y +3 25y p ) 25 (— 22 +-2%x prwc— Y2 + 25y p*
Yo )2+ (2xxp—1)* (32 p+3Y2xyp—1) % (yo—3xyp+3/ 2510 —3Y 252 p ) 25 (— a2 +2%
Tprro—yi+2xypryc)?) k(3% % — 3% p+3%yS+3Y 2xyp+1)+(2xxp—1)2% (3*yp—
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3V 2% p+32) 2% (20— 3% p—3Y 25y +3Y 2wy p ) ¥ (— 2L+ 251 prac— Y2+ 2%y prYc) ¥
(22, —3xwoxxp—3' 2 %0 0xyp+3% 2% +3Y 2% pryc+yd —3*ycryp+3xy% )+ (2% xp—
1)%#(3%zp+3" 20y p—1)?% (xc—3xx p— 325 yc+3Y 2xyp) x(— 2k + 25 x prac —yi+
2xyp*yc)* (22 —3xxc*krp—3Y 2 % x0*Yyp+ 3% 25+ 3Y 2% 1 pryc+yd —3*xyoxyp+3x
y2))/ (8% (2xxp—1) % (—22+2%x p*r0—y2+ 2%y pryc) * (3% 2% — 3% 2 p+ 3% y5 +31/2%
yp+1)x(yo—3Y 2520 +2%3Y 252 p— 33V 2 k12, — 3531/ 25yt +-243 25 ok x p 2431/ 2%
yoxyp)* (22 —3xxcxxp—3Y 250 oxyp+3x25+3Y 251 pryc+yd —3xycxyp+3xy3))).
Pg has coordinates

(—(ym *yi + (—vh —2h + D) *yx + (2% — 1)+ yn) /(2% (o — 1) * ye + (1 —
wi)*yn)), (xr — 1) *yk + (1 — o) *yy + (o — 1) x 2% + (1 —afy) x ax + 23 —
vy) /(2% ((zg — 1) xyx + (1 — 2k) * yn)))

(—((3%3Y2xy% —2x3Y 25y cxyp+yc+3Y 2 (o —x pr (2500 — 3% 2 p+2) ) ) (9% 31/ 2%
w2 xxp+2Txa2*xyp— 18531 2xxc* 0 —Bdxwoxxp*yp+ 1853/ 2xxoxxp— 9531/ 2%
1o —18%3Y2% 05 4+ 9%3Y 25w pry2 — 1853V 2xx pryc*yp+ 18xx pryc+18%3/ 25 p+
27xy2xyp —bdxycxy%+36+3Y2xycxyp+9xyc— 54532 xy2)) /(54 (1 px (2% 30 —
3% p+2) —ro+yp*(2xyc—3xyp))* —18xy2 ), —((3%3"2xyp —2%3' P xycxyp+yo+
3V 2% (xo—wp*(2%0—3xxp+2))) % (953 2xyc — 1843125y p — 36 % yc*yp + 910 *
2%z —3*xp*r(T0—2%Tp+2)+1) —2Txxp*y2 + 18xy2 +9%3/ 2522 xyp— 18531/ 2%
Yo ys+9%3Y 2592 xyp — 1853V 2% x pryc+36%3Y 25w pryp+5dx T prycryp — 18%
3V 2xxcxxpryp))/ (5d*(xpx (25w 0 — 3% p+2) — 0 +yp* (2%yc—3*yp) )2 —18%y2)).
P¢ has coordinates

(—((e —vye) * yi + (—y& + e — x&+23) * Y1 + yo * yg + (—yé + 2] — 28) *ya +
(28 — 27) * ye) /(2 x ((xe — @) * yr + (xc — @1) * ya + (21 — 76) * ye)), ((za —
zo) *yi + (e —x1) * Y& + (v — x6) * Y& + (g — xc) * a7 + (28 — x8) * 11 + 0 *
1 — 2 *26)/ (2% ((z6 — xc) * yr + (xc — 21) * Yo + (21 — 26) * yYc)))

= (—((yo*(18%2c —36%xp — 9%3Y 2 xyox (2xxp — 1)+ 18) —yp * (1832 x (yo —
Q*xc*y0+3*xc*yp—2*a:p*yo)—54*xp+27)+9*31/2*(xp*((2*;1:C+2)*
(xe—xp)+1) —22)) % (3532 xy2 — 2% 32 xyc*xyp +yo + 32 % (1o —wp * (2%
ro—3%xp+2))))/(54* (xpx (2%wc—3*xxp+2)—xz0+yp* (2%yc—3%yp))? —18x
y2), —((3%3Y2xy% — 2% 325y yp +yc + 3% % (o —xp* (2% 10 — 3% 1p+2))) *
(27%xp+9%3Y2xyp+54xxc*xp+18%yo*xyp — Ixxo* (10 +2) —5d* 15+ Y2 —
18432502 xyp — 54% 32 % 2%k yo — 18%3Y 2wy xy? + 18+ 31/ 2592k yp — 18 31/2 %
rexyo+36%32xxpxyc — 18432 xxpxyp+36 %32 xxc v xp xyo + 36 %31/ 2 %
zoxxpxyp))/(5dx (xp* (2%xxc—3xxp+2) —xo+yp* (2xyc —3xyp))> —18%y2)).
The centroid of ABC has coordinates ((z¢ + 1)/3,yc/3).

The centroid of APgP. has coordinates

(—((3%3Y2xy2 —2x3Y2xyoxyp +yc +3Y2 % (zc —xp* (2% 20— 3x2p+2))) % (9%
3V 2xalxwp+ 275wt xyp —18%3Y2xxox % —Sdxxo*wp*yp+ 1853 2xxoxap —
93125100 —18%3Y 2522 4953V 252 pry2 — 1853V 252 prycryp+18x 2 pryc+ 18%
3250 p+ 275y xyp — 5d*yo *yb+36 %32k yoxyp +9xyc — 54 %342 xy2)) /(54
(xpx(2%xxc—3%xp+2)—xc+yp*(2%yc—3*yp))> —18%y2) + (—((yo* (18*xc —
36%1p—9%3 2 xycx (2xxp—1)+18) —yp* (18%3Y 2 x (yo — 2*$C*yc+3*xc*yp—
2% 1 p*yc) —54xxp+27)+9%3Y 2% (2 p* (2520 +2) % (zo—2p)+1) —22)) % (3% 31/ 2%
y%—2*31/2*yc*yp+yc+3l/2*(ﬁCC—.Tp*(2*.170—3*1'P+2))))/(54*(.Tp*(2*l'c—
3xap+2) —ro+yp*(2xyc—3*yp))® —18%y2))) /3, (—((3+3"% xyp — 2432 xyc
yp+yc+3Y 2% (xo—xp* (2% 20 —3%xp+2))) % (953 2% yo — 18+ 3/ 2% yp — 36 %y *
yp+9xxo* (2% 10 —3xxp* (10— 2%2p+2)+1) = 2T*wp*y2 + 18xy2 + 9% 3/ 2522 %
yp—18%3 25 yoxyb+ 953 2xy2 xyp — 1853V 25w pxyc+36%3Y 2% xpxyp+5dxap*
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yoryp—18%3Y2xxoxxpryp)) /(54 (xp* (2% 20 —3%xp+2) — 20+ yp* (2% Yo — 3%
yp))2—18xy2) + (—((3%3Y2xy% — 23 2xycxyp+yo+3Y 2% (vo —1p* (2% 10 — 3%
rp+2)))*(27xxp+9%3Y 2xyp+54*wo*xp+ 18%yo*yp — 9% T * (10 +2) —Hd* b+
9xy2 — 18432 k1 xyp — 543/ 2x 2% xyc — 1843V 2%y xyd + 18531/ 25y xyp — 18%
325 x0xyc+36%3 2%z pryc — 18531 2% xpxyp+36%31 2% w0 xrpryc+36%31/2 x
zoxrpxyp))/(5dx(zp*(2%x0—3xxp+2) —xo+yp*(2xyc—3*yp))? —18%y2)))/3).
The centroid of BP4Pq~ has coordinates

(1+ (4% (2%xp—1)%x (yo —3*yp +32x 20 — 325 2p) ¥ (—a + 2% wp* 20 — Y2 +2%
ypxyc)* (3%1% —3xxp+3xy%+32xyp+1)x (22 —3xxc*xxp— 3 2 %20 % Yyp+ 33 0%+
3V 2xxpxyc+y2 —3xycryp+3xys) +3 2% (2% p—1)* (3Y2xyp—xp+1)* (vc— 3%
xp—3Y2xyc+3V 2% yp) 2w (—aZ + 2% xpx 0 —YZ+ 2% yp*yc)? x (3xxh — 3%k p+ 3%
Y5 +3Y2xyp+1) 4325 (252 p — 1) % (3 2xyp —2p+1) % (yo — 3xyp+3"/2x 20— 31/2%
xp)2* (=224 2xxp* o — Y2+ 2xyp*yc)tx (3x1% —3xxp+3xyb+3Y2xyp+1)) /(8%
2%z p—1)% (=22 +2% T p*1c—Y2+2%yp*yc) * (3xx% — 3% T p+3xyb+31 25 yp+1) *
(yo—3 2% xc+2%3 252 p —3%3 2503 —3%31/2x9% + 2531 2x poxa p+ 2531 2wy o
yp)* (22 —3xxoxxp—3Y 25 x0xyp+3% 15+ 3Y 2 %1 pryc+yd —3xyoxyp+3xyd)) +
(—((yox(18%wc—36x2p —9%3 25y * (252 p — 1)+ 18) —yp* (18%3/ 2% (yo — 2% 2o *
Yo+3xxo*yp—2%xxp*yc) —Hd*xp+27)+9%3Y 2k (xpx (2520 +2) * (xo—2p) +1) —
22))*(3%3Y 2%y —2%3V 25y xyp+yo+3 2% (o —xp* (2520 —3x1p+2))))/(54*
(zp*(2xxc—3%xp+2)—wo+yp*(2xyc—3*yp))?—18xy2))) /3, (—(((2xxp—1)*(3x
xp+31/2>kyp—1)*(xc—3*xp—31/2*yc+31/2*yp)2*(—x%+2*xp*xc—y%+2*yp*
ye)?+(2xxp—1)*(3xxp+3 2 xyp—1)* (yo —3xyp+3 2520 — 3252 p) 2% (—a2 +
2xxpx 0 —Yi+2xypryc)?) x (3x1h —3xxp+3xy5+3V 2 xyp+ 1)+ (2xxp—1)2% (3%
yp—3Y2xxp+3Y2)2x (1o —3%xp— 32 xyc+ 32 xyp) * (—22 + 2% wp* 10— Y+ 2%
ypxyc)* (12 —3xxoxwp—3Y 25w 0xyp+ 3505 +3Y 251 pryc+yd —3xycryp+3xys) +
(2x2p—1)%%(3xxp+3Y2xyp—1)2% (10 —3xxp— 3V 25 yc+3Y 25y p) x (—a2 + 252 p *
To—y2A2xypryc)* (x2 —3*xxc*xxp—3Y 2k woxyp+ 3505 +3Y 252 pryc+yZ —3*yc*
yp+3xy%)) /(8% (2xxp—1)* (=22 +2%xp* 10—y +2%ypryc)* (3xx% — 3% p+ 3%
Y2 +3Y 25y p+1)* (yo —3Y 2510+ 243V 251 p — 3% 31 2508, — 3531/ 25y 2 4253 252 0%
wp+2%3Y2xycxyp)x (12 —3xxoxrp—3Y 2% w0*yp+ 3% 2%+ 3Y 2k xpryc +yd — 3%
yoryp+3xyp))+(—((3x3"2xyp =243 xyoxyp +yo+3"2x (e —wp* (2500 — 3%
rp+2)))* (27x2p+9%3 2% yp+54%xc*xp+18%yo*yp — Ix w0 * (10 +2) —5d* 1%+
9xy2 —18+3Y 2522 xyp —54% 3/ 2x 2% xyc — 18+ 31 25y ok y? + 1853/ 2xy2 vy p — 18%
31 2% xcxyc+36%3 25z pryc — 1853 2% xpxyp+36%3 2% xoxxpryc+36%31/2
zoxxp*yp))/(54%(xpx(2xx0—3%xp+2) —xc+yp*(2%yc—3*yp))>—18xy2)))/3).
The centroid of C'P4Pg has coordinates

(o4 (4% (2%xp—1)%% (yo —3xyp+3Y2x w0 — 3V 252 p) % (— 22+ 2% 2 p* 10— Y2 +2%
ypxyc)* (3xx%— 3% p+3xy%+3Y 2 xyp+1)x (22 —3xxc*xxp— 3 2% 2 0% Yp+ 33 0%+
3V2xxpryc+ys—3xyoxyp+3xys) +3Y2% (2xxp—1) % (32 xyp—xp+1) % (xc— 3%
1p—3Y2%yc+3V 25y p) 2% (— 22 4252 px o — Y2+ 2%y pryc ) * (3505 —3x 1 p+3xy L+
3 2xyp+1)+3Y2% (252 p— 1) % (3 2xyp—xp+1)* (yc —3xyp+3/ 210 — 3 2x1p)?*
(=22 4251 prrc—yd+2xyp*ryc) ?x (3% 2% — 3% p+3%yb+3V 25y p+1)) /(8% (25w p—
D)# (=22 4241 prac—y2+2%ypxyc ) * (3x1% —3%x p+3xy3+3Y 25y p+1)* (yo — 31/ %%
To+2%3Y 252 p—3x3Y/ 2x0h, — 353V 25yt 4253 25w 0w p+ 2% 3Y 2wy oy p )+ (12— 3%
woxrp—3'2xxoxyp+3xap+3 2k x pryctyd —3xyoxyp+3xyp) ) H(—((3%3Y xyp—
23 2xyoxyp+yo+3Y 2% (vo—xp* (2% v0—3*xp+2)))* (9%3V 2522 k2 p+ 27422 %
yp—18%3Y2xxox 0 —B5dxwoxxpxyp+18%3Y 2xwokrp—9%3Y 25 w0 — 1853/ 2x 2% +
95325z pry2 —18%3Y 252 pryc*yp+ 1851 pryc+ 1843 252 p+ 2Ty 5y p—Hdxyc
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Y2 +36%3Y 2xycxyp+9xyc—54x3Y2xy%)) [ (54 (v px (2% 10— 3% p+2) — T +ypH (2%
Yo 3wy —18552))),/5. (ot (—((2x2p— 1)r (Brarp 82 ey 1) (e Beay—
3 2xyc+3Y2xyp)tx (—ad + 25w prro—y2+2xypxyc)t+ (2xxp—1)* (3xxp+31/ 2%
yp—1)*(yo—3%yp+3Y 2520 —32x2p) 2% (—a2 + 2% 2 p* 10— yE +2xypxyc)?) * (3%
15— 3xxp+3%yb+32xyp+ 1)+ (2xxp—1)2%(3*xyp— 3252 p+3V2) 2% (20— 3xwp—
3V 25y +3Y 2y p )k (— 22 4253 pr o —yi+ 2%y pryc ) ¥ (12— 3ok p—3Y xRy p+
3224325 pryc+yZ —3xycryp+3xys )+ (251 p—1) 2% (3xx p+3Y 2xyp—1) 25 (10—
3xxp—3Y2xyo+ 3V 25y p )k (— a2+ 252 pr1o— Y2+ 2%y pryc) * (vE —3xz ok p— 3 2%
Toxyp+3*15+3Y 2%z pryc+yd —3xycryp+3xys)) /(8% (2xxp—1)x (—x2 + 2%z p*
To—yd+2%yp*yc)* (3% 2% — 3% 2 p+ 3%y +3Y 25y p+1)x (yo — 3 2500 +2+3 250 p—
3%3Y 2502 — 353 24y % + 243V 250 %1 p+-24 3 2wy o xyp ) * (22 — 3 w0 x T p— 3V 2x 2 0 %
yp+3xp+3" 2w pryc+yd —3xycryp+3xyp)))+(— (332 xyp— 23" 2xycryp+
Yo+3Y2x(xo—xp* (2520 —3%xp+2))) % (9%3/ 2% yc — 18%31/ 25y p — 36 xyc xyp+9*
To*(2%x0— 3% p* (10—2%1 p+2) +1) — 2752 pxy2 +18%y2 +953Y 2512y p— 1831/ 2%
Yoryb+9x3Y 2y xyp— 1853 25z pryc+3643Y/ 2k 2 pxyp+5dxx prycxyp—18+31/ 2%
zoxrpxyp))/(5dx(xp*(2%10—3xxp+2) —xo+yp* (2xyc—3*yp))? —18%y2)))/3).
We verify that the centroids of APgPs, BP4FPc, and CP4Pg are centered about
the centroid of ABC' since we calculate

(—((3%3Y2xy2 —2x3 25 ycxyp+yc+3Y 2% (v —xp* (25 w0 —3xxp+2)) ) * (9% 3/ 2%
w2 xx p+ 2752 xyp—18+3 2xx okt —bdxwoxa pxyp+ 1843V 2xx ok p—953Y 2510 —
18532522 +9x3 252 pxy2 — 1853 252 prycxyp+18%1 pryc+18+3'/ 25 p4+-27 52 *
yp—bdxycxyb+36x3' 2xycxyp+9xyc—54%3Y2x12)) / (54% (x p* (2% 20— 3% 2 p+2) —
vo+yp*(2%yc—3xyp))2—18%y2) +(—((yo* (18% w0 —36% 1 p—9%3/ 25y v (2% 2 p —
1)+18) —yp* (183 2% (yo — 2% 2o *yc+3% 0o *yp— 25T pyc ) —Ddxx p+27) +9x31/ 2%
(xp*((2%2c+2) % (zo—1p)+1)—22))* (353 2592 — 253 25y oy p+yc +3Y %% (vc—
rp*(2xx0—3%1p+2))))/(54*(xp*(2xx0—3%Tp+2) —To+yp*(2%yc—3xyp) ) ? — 18
y2)))/3+ (14 (4% (2% xp —1)% % (yo —3xyp+3Y 2% w0 — 3V 252 p) % (—22 + 25w p* 10 —
Y2+ 2%y pryc ) * (3%1%— 3% p+-3xyb+3Y 2wy p+1) % (22— 3xx %1 p— 3/ 252 0%y p+3%
543V 252 pryo+y2 — 3xycxyp+3xys)+31 2% (2kx p—1)* (3 2 xyp—x p+1)* (10— 3%
2p—3Y2xyc+3Y 25y p) 2k (— L+ 2% 2 prr 0 — Y2+ 2%y pryc ) * (3x0L —3x 1 p+ 3xy L+
3 25yp+1)+3Y2%(2xxp— 1) % (3Y2xyp—ap+1) % (yo —3*yp+3'/ 2 %26 — 32 x1p) 2
(=224 2xxprro—yi+2xyp*ryc)?* (3% 2% — 3% 2 p+3%y5+32xyp+1)) /(8% (252 p—
D)# (=22 4251 prro—y2+2xypxyc ) * (3% 25— 3% p+3xy%+3Y 25y p+1) % (yo — 31/ %%
To+2+3Y 252 p—3x3Y/ 2kt — 353V 25y 2+ 253 s ox p+ 2% 3Y 2y oy p )+ (14— 3%
voxrp—3Y 2 xwoxyp+3x05+3Y 251 pryc+yd —3xycryp+3xy3)) +(—((yo* (18%
10—36%xp—9%3Y 2xycx (2xxp—1)+18) —yp* (1843 2% (yo — 2% *yc+3*To*yp—
2x1p*yc) —5dxxp+27)+9%3Y 2% (2 p* (2520 +2) % (zo—2p)+1) —22)) % (3% 31/ 2%
Y% —2x3 2 xycxyp+yo+3 % (vo—xp* (2% 20 —3xxp+2)))) /(54 (1 p* (2510 — 3%
Tp+2)—zo+yp*(2xyc—3*yp))? —18xy2))) /34 (wo+ (4% (2% 2z p—1)** (yo —3*xyp+
32500 —3Y 25w p )k (— 22+ 2% T pr1 o — Y2+ 2% yp*yc ) * (3x 2% —3xx p+3xyL 431/ 2%
yp+1)x(22 —3xxc*xp—3 2500 %y p+3% 2% +3Y 253 pryc+y — 3xycxyp+3*ys) +
32 (2% p—1)%(3Y2xyp—ap+1)x (20 —3*%xp— 3 25y +3V 25y p) 2% (— 2% + 2% 1 px
To—y2+2%ypryc) (315 — 351 p+-35y %+ 3V 2y p+1)+3Y 2% (252 p— 1) % (31 25y p—
rp+1)*(yo—3*xyp+3" 2510 — 3252 p) 2k (—0Z + 25w pr 10— Y2+ 25 yp*ryc)?* (3%
15— 3% p+3xy%+3Y2xyp+1)) /(8% (2xxp— 1) % (—22+ 251 px10— Y2 +2%Yp*Yc) *
(3%2% —3%xp+3*xyb+32xyp+1)x(yo — 32520 +2%3Y 252 p— 3531/ 2522 — 331/ 2%
Y5 +2x3Y2x w0k p 253 2wy xyp) x (02 —3xxo*rp — 3 2 x w0k yp+ 35 2% 4312 %
wpxyc+ye—3xyoryp+3xyp))+ (= ((3%3'2xyp — 253" 2xyoxyp+yo+3'7% (10—
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Tp*(2%x0—3%xp+2)))* (953 2502 51 p+ 275 02wy p— 1853V 2 kw0 2% — Ddx T ok T p*
yp+18+32xwoxwp— 93 2 kw0 — 185312522, + 953V 25w pry2, — 1853 2w x pxy o *
Yp+18xxpryc+18+31/2xx p+-27Txy2 *yp — 5d*yoxyb+36%3 2xycxyp+9xyc —5d*
3 2xy3)) ) (54% (vp* (2% 20— 3% wp+2) —xc+yp* (2%yc —3*yp))? —18%2)))/3)/3
= (zc +1)/3

and

((—((3%3Y2x9% —2%3Y 2xyoxyp+yc+3Y 2% (xc—xp* (2% 10— 3% p+2)) ) % (9% 31/ 2 %
Yo — 1853 25y p—36xycxyp+9*xrox (2510 — 3% p* (To— 2% p+2)+1) —2T*T pryd +
185y 4+9%3Y 2502wy p— 1843V 2y oy b 4+-9%3Y 25y vy p— 183V 25 pry o +36 %31/ 2%
rpxyp+54xrprycryp—18%3 2xxcxrpryp)) /(54 (xp* (2% x0 —3*%xp+2) — 10+
yp*(2xyo—3xyp)) = 18xyd ) +(—((3%3"xyp — 243" 2xycryp+yo+3" 2+ (zo—r px
(2%x0—3%xp+2))) % (27*2p+9%3Y 25y p+-54xx* T p+ 185 yc*xyp — 9%z 0* (20 +2) —
54x22 +9%y2 — 18531 252wy p— 5453V 2k 0% ky o — 1853 25y oy b+ 18531/ 2y 2y p—
184325z xyc+36%3Y2xx pryc — 1853/ 2% x pxy p+ 3643/ 25z 0k 2 pryc+36%31/ 2%
zo*xxp*yp))/(5dx(xp*(2xxc—3%xp+2) —xo+yp*(2%yc—3*yp))? —18%y2)))/3+
(—(((2xxp—1)*(3*zp+3Y2xyp—1)x(xc—3*%xp— 325 yc+ 3V 2xyp)? % (—1 +2%
Tpxx0—yi+2xyp*yc)?+(2%xxp—1)*(3%xp+3Y25xyp—1)* (yc —3xyp+3Y 250 —
3V 2xxp) 2% (—22 4252 pr 10—y +2%ypryc)?) * (3% 2% — 3%z p+3xy%+3V2xyp+
D+ (2x2p—1)2%(3xyp—3Y 252 p+3Y2) 2% (10— 3%z p — 3V 25 yc+3 25 yp) * (—22 +
252 p* T —Y2+2xypryc ) * (12 —3xxc* 1 p— 3V w0k yp+ 3505+ 3V 25 pryc+yd —
3xycxyp+3%ys)+(2xxp—1)2* (32 p+3Y2%yp—1)?x (o — 3%z p — 3 2 xyc+31/2x
yp)*(—22 4 2% 1 prro—y2+2%ypryc) ¥ (12 —3*xxc*xxp— 3 2 %00y p+-3x0hH+ 31 2%
Tp*Yc+yd—3xycxyp+3*xys)) /(8 (2xxp—1)* (—2i+ 25T prrc— Y2 +2%Yyp*yc)*
(3%2% —3%xp+3*xy5+3 25y p+1)x (yo — 3V 2520 +2%3Y 252 p— 3531/ 222 — 331/ 2%
Y2 +2x3Y 25 w0k 2 p+ 253 2xycxyp) x (02— 3xxo*xrp — 3V 3 w0k yp+ 35 2%+ 31/ 2%
zp¥yc+ys—3xyoryp+3%yp))+(—((3%32xyp —2x3' 2 xyoxyp+yo+3'"7% (10—
rpx(2%x0—3%xp+2)))* (2742 p+9%3Y 25y p+-5dxxc*xxp+ 185 ycxyp—Ikro* (To+
2) —54%2%+9xy2 — 183252 xyp — 5432 x 0% xyc — 18%3/ 25y ys +18+31/ 2«
Y2 xyp—18%3Y 2 kw0 yc+36%3Y 25w pryc —18+3 25w pryp+ 36531 25 x o wpryc+
3643 2xxcxwpryp)) /(54 (xp* (2520 —3xxp+2) — w0 +yp* (2%yc —3*yp))? — 18%
Ye))/3+ e+ (= ((2xzp—1) % (3xxp+3"2xyp —1)* (v0 —3xxp— 3" xyc+3+
yp)2* (—aZ+2xxp*xrc—y2+2%ypryc)’+ (2% xp—1)* (3*xxp+3 2 xyp —1)* (yo —
3xyp+3Y kw0 —3Y 251 p ) 5 (a2 425w pr e — Y2+ 2%y pryc)?) * (3% 2% — 3k p+ 3%
Y2 +3Y 25y p+1)+ (252 p—1)2% (3xyp— 3252 p+3Y2) 25 (20— 3% p— 3/ 25y +31/2%
yp)*(—22+2%xprro—y2+2%yp*yc)* (15 —3xxc*xxp— 3V 2 %00y p+3x0hH+3Y 2%
T p*yc+yE—3xycryp+3xys)+(2xxp—1)2% 35z p+3Y2xyp—1) 2% (w0 — 351 p— 31/ 2%
Yot B Py~ DeT oy b D)+ (th—Bezcnp—3Y s Toryp B
15 +3Y 252 pryc+yd —3xycryp+3xy3)) /(8% (2xxp—1)* (—a2 +2xxp* 10— Y2+
2xyp*yc)* (325 — 3% 2 p+3%y5+3Y 2xyp+1)x (yo — 32520+ 243Y 250 p—3x31/2%
13— 33V 25yt 4243V 25 v 0% p+- 253V 2wy ok yp ) ¥ (12— 3k o xw p— 3 2R R Y p+-3%
wp+3 2% 2 pryo+yt —3xyoryp+3xyp)) )+ (— (353" >xyp — 23" xyoryp +yo+
3 2% (zo—xp* (2520 —3%1p+2)))* (953 25y —18%3Y 25y p— 36y xyp+ 9% * (2%
To—3xxpx(2o—2%Tp+2)+1) = 2Txxpxy2 +18xy2 +9%3Y 2522 xyp — 18531 25y *
Y% +9x3Y 2592 xyp — 1853V 252 pryo+36% 3/ 22 pryp+ 545w pxycryp —18%31/2%
xc*m;a*yp))/(?)él*(xp*(2*;1:0—3*.:1:p+2)—xc+yp*(2*yc—3*yp))2—18*y%)))/3)/3
= Yyc/3.

Now, to show that the centroids of APgPs, BPyPcs, and CP4Pg form an equi-
lateral triangle, it suffices to show that their orthocenter is also the centroid of
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ABC.

The altitude of this triangle through the centroid of APgP¢ is given by the equa-
tion

y = (—((3%3Y2xy% — 243 2xycxyp+yc+3Y2% (xc —xp* (2% 10— 3% p+2))) * (9%
3 2xy0—18%3Y 25y p—36%yc*yp+ 9+ * (2510 —3xx p* (10 —2%1 p+2)+1) — 27T p*
Y2+ 185y +9x3Y 2 ka2 vy p— 183 2wy xyb +9x3V/ 22k yp — 1853V 252 pryc +36%
325 xpxyp+54xrprycryp—18%3 2xwoxxpxyp)) /(54 (zp* (2% x0 —3%Tp+2) —
zotyp*(2xyc—3xyp)) —18xy2)+(—((3%3"2xyp —2+3" xycxyp+yc+3'x(zo—
rp* (2510 —3%2p+2)))* (2Tx2p+9%3Y 25y p+-54xxc* 2 p+18%yoxyp—Ix o * (T +
2) — 5415 +9xy2 — 18%3Y 2502 xyp —54x3Y 2 x 0% xyo — 18+ 3V 2 xy v y% + 18431/ 2
y2xyp—18%3Y 2 kw0 xyc+36%3Y 2%z pryc — 18%3 25w pxyp+36%3Y 2% w0k pryc+
36+3Y2xxcxwpryp)) /(54 (xp* (210 —3xxp+2) — 1o +yp* (2%yc—3*xyp) )2 — 18%
&) /34 (z—((—((3%3"2xyp =253 2xycxyp+yc+3' 2% (xo—x px(2x20—3* 2 p+
2)))*(9%3 2522 p+- 27522 % yp — 1843V 25 p v 0h — bdxwoxxp*yp+18%3/ 2520 %
Tp—9%3 2530 —18%3Y 252549531 25 pryd — 1853 251 prycxyp+ 1851 pryc+18%
3V 252 p+-2Tx Y2y p—bdxycxys+36x3Y 2 xycxyp+9xyc —54x32xy2)) / (54* (2 p
(2xx0—3%xp+2)—zo+yp*(2xyc—3*yp) )2 —18*y2 ) +(—((yo* (18*xc —36%x p— 9
3125y (2% p—1)+18) —yp* (184312 (Yo — 2%z kyo+ 3% T oxyp— 2% pxyc) —Hd*
Tp+27)+9%3Y 25 (wpx (2520 +2) % (xo—2p) +1) —22))* (3% 31/ 25y — 2531 25y o %
yp+yc+3Y 2 x(vo—xp* (2% 10 —3x1p+2))))/ (54* (2 p* (2510 —3*% T p+2) — 20+ Yyp*
(2%yc—3*yp))*—18+y2)))/3))*(=1) /(= (((2x2p—1)*(3x2p+3"2xyp—1)*(vc —
3% p—3Y 2 xyo+ 31 25y p) 2% (— L+ 2% 1 prwc—yE+ 2%y p*yc) t+ (252 p— 1) * (3xxp+
3V 2xyp—1)*(yo—3*yp+32xx0—3Y 2% p)?* (— 22+ 253 prac— Y2+ 2%y p*yc)?) *
(3%2% —3%xp+3%yb+3Y2xyp+ 1)+ (2xxp—1)2 % (3xyp—32x2p+32) 2% (vo — 3%
1 p—3Y 2y +3Y 2y p )k (— 2% 4253 pr o —yE 2%y pryc) ¥ (1L —3xr ok r p— 3L 25 0%
yp+3x15+3Y 252 pryc+yd—3xycxyp+3xys)+(2xxp—1)%* (3kx p+3/ 25y p—1)%%
(ch—3*xp—31/2*yo+31/2*yp)*(—x%+2*xp*xc—y%+2*yp*yc)*(91:20—3*370*:61:—
3V 2xxoxyp+3x0h+3Y 25w pryc+yd —3xycxyp+3%y3)) /(8% (2xxp—1)* (— 22 +2%
Tprro—yi+2xypryc)* (3x1h — 3% p+3xyb+3V 25y p+1) % (yo— 3 2x w0 +2% 3/ 2%
2 p—3x3Y/ 2522 — 353V 2xyd + 253V 2xw ok p+ 243 2xy vy p ) ¥ (02— Bxx ok w p— 3 2%
Toryp+3x15+3Y 2 xx pryc+yd —3xyoxyp+3%y3))+(—((3%3Y/ 2wy — 2431 25y o *
yp+yc+3 2% (xe—xp* (2% 20 —3%2p+2))) % (272 p+ 953" 25y p+-5d*ro* T p+18%
Yoxyp—9xrox(r0+2) — 5452+ 9%y — 1853V 2k xyp—54x 3 25 1L wy o — 18531/ 2%
Yoxyb+18%3 2wyl xyp—18%3Y 2520 *yo+36%3Y 2%z pryc — 18%3Y 25 pryp+36%
3V 2xxoxxpryc+36%3Y 2% xoxwpryp)) /) (5dx (vp* (2% x0—3%Tp+2) —z0+yp* (2%
yo—3xyp))?—18xy2))) /3~ ((yo+ (= (((2xwp—1)*(3xap+3"xyp—1)*(vc—3x1p—
3V 2xyo+3Y2xyp) 2k (=22 +2xw prrc—yi+2xypryc)?+ (252 p— 1) * (3xxp+ 31/
yp—1)*(yo—3%yp+3" 2520 -3 252 p) 2% (—02 + 2% T pr10o— Y2+ 25y p*yc)?) * (3%
2% —3%xp+3xyb+3Y2xyp+ 1)+ (252 p—1) 2% (3xyp—3Y 2520 p+32) 2% (2 —3xxp—
3V 2xyc+3Y 2 xyp)# (—22 4+ 252 prro—yi+ 2% ypxyc) ¥ (12 — 3k xoxrp—3Y 2% 10 %
Yp+3x15+3Y 25 pryc+yd —3xyoxyp+3xys)+ (25w p—1)%* (3xx p+3/ 25y p—1)2%
(xo—3*%xp—3Y 25y +3 25y p ) (— 2+ 253 prro—Y2+ 2%y pryc ) * (22— 3xTo* TP —
3V 2w oxyp+3xah+3Y 25 pryc+yd —3xycxyp+3%ys)) /(8% (2xxp—1)* (— 2% +2%
Tp*ro—Y2+2xypryc)* (3% —3xxp+3xy3+3V 2 xyp+1) % (yo — 3/ 25w+ 231/ 2%
1 p—3%3Y/ 2522 —3%3 24y 4253 2xw ok p+ 243 2xycxyp ) ¥ (02— Bxw ok w p— 31/ 2%
Toxyp+3xa%+3Y2xx pryc+yd —3xyoryp+3xy%)) )+ (—((3%3Y/2xy% — 2531 25y %
yp+yc+3 2% (vo—xpx (2520 —3%xp+2))) ¥ (9531 25y — 183V 25y p — 36 %y xyp+
Yk zo* (2xx0— 3% px (v —2%0p+2)+1) =27+ pry2 +18%y2 +9x3/ 2522 xyp— 18%
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3V 2xyoxyb+9x3Y 25y xyp— 1853 25w pryo+36%3Y 2% 2 p*yp+5d* 1 pryc*yp —
18x3' 2 xxcxxpryp))/(54* (xp* (2510 —3*%xp+2) —x0+yp* (2%yc —3%yp))? —18%
y2)))/3))/(1+(4x (252 p—1)x(yo —3xyp+3Y 2 kw0 —3Y 252 p ) * (—22 + 252 prawc—
Y2+ 2%y pryc ) * (3%1%— 3% p+-3xy b +3Y 2wy p+ 1) % (22— 3xx %1 p— 3/ 252 0%y p+3%
543V 252 pryo+y2 —3xycxyp+3xys) +31 2% (2kx p—1)* (3 2xyp—x p+1)* (10— 3%
1p—3Y2xyc+3Y 25y p) 2% (— L+ 25T prr 0 — Y2+ 2%y pryc ) * (3x1L —3x 1 p+ 3xy L+
3 25yp+1)+3Y2%(2xxp— 1) % (31 2xyp—ap+1) % (yo —3*yp+3'/ 2 %20 — 32 x1p) 2
(=224 2%xprro—yi+25xyp*ryc) ?* (3% 2% — 3% p+3%y5+32xyp+1)) /(8% (252 p—
D)# (=22 4251 prro—y2+2xypxyc ) * (3x2%—3%x p+3xy%+3Y 25y p+1) % (yo — 31/ %%
To+2%3Y 252 p—3%3Y 2522 — 3531 24y 12431 2w ok p 243 2y ok yp) * (22— 3%
Toxrp—3Y 2 xwoxyp+3x05+3Y 251 pryc+yd —3xycryp+3xy3)) +(—((yo* (18%
0—36%xp—9%3Y 2xy ok (2xxp—1)+18) —yp* (1843 2% (yo — 2% *yc+3*To*yp—
2% 1 p*yc) —5dxxp+27)+9%3Y 2% (2 p* (2520 +2) % (zo—2p)+1) —22)) % (3% 31/ 2%
Y% —2x3 2 xycxyp+yo+3 2% (vo—axp* (2x 20 —3xxp+2)))) /(54 (1 p* (2% 10— 3%
Tp+2)—zo+yp*(2xyc—3%yp))?—18xy2)))/3— (wc+ (4% (2*xxp—1)** (yo —3*xyp+
32500 —3Y 25w p )k (—22 4+ 2% x prr o — Y2+ 2% yp*yc ) * (3x 2% —3xx p+3xyL 431/ 2%
yp+1)x (2% —3xxc*xp—3 200 %y p+3% 2% +3Y 251 pryc+yZ — 3xycxyp+3*ys) +
32 (2% p—1)%(3Y2xyp—ap+1)x (20 —3%xp— 3 25y +3V 25y p) 2% (— 2% + 2% 1 p*
To—y2+2%ypryc) (315 — 351 p+-3xy %+ 3 2y p+ 1) +3Y 2% (252 p— 1) % (31 25y p—
rp+1)*(yo—3*xyp+3" 2% 10— 3252 p) 2k (—2Z + 25w pr 10— Y2+ 25 yp*ryc)?* (3%
15— 3% p+3xy%+3Y2xyp+1)) /(8% (2% xp— 1) % (—22 + 251 px 10— Y2 +2%Yp*Yc) *
(3%2%—3%xp+3*yb+3 2xyp+1) x (yo— 3/ 2 %20 +2%3 250 p— 331/ 2522 — 3x31/2 %
Y5 +2x3Y 25 w0k p+ 253 2xyoxyp) x (02 —3xxo*rp — 3 2 x w0k yp+ 3525431/ 2%
wpryotye—3kyoryp+3xyp))+(—((3%3"2xyp — 243" 2aycxyp +yo+3'2 % (we —
T p*(2%x0—3%xp+2)))* (9%3Y 2502 51 p+ 275 02wy p— 1853V 2w ok 2% — Hdx T ok T p*
yp+18+3 2 xwoxrp— 93 2 kw0 — 18531/ 2522, + 953V 25w pry2, — 1853/ 2w w pxy o *
Yp+18x1pxyc+ 1843 2xx p+-27Txy2 *yp — 5dxyoxys+36%31 2xycxyp+9xyc —5d*
3'2xyp))/ (54% (wp* (2420 —3*xp+2) —x0+yp*(2%yo —3*yp))> —18%12))) /3)).
The altitude of this triangle through the centroid of BP4 P is given by the equa-
tion

g = (—((22p—1)e(Brrp-+ 3V 2p— 1 )i(ro— s p—3 2o+ 3 2ayp) o~
257 px10—Y2+2%yp*yc)t+ (2% xp—1)* (3xxp+3 25y p— 1) * (yo—3*yp+3'/ 2510 —
3242 p)tx (=22 + 2% wp* 10—y +2%yp*yc)?) ¥ (3xxh —3xxp+3xyb+3Y 2 xyp+
D)4 (2%2p—1)2% (3%yp—3Y 252 p+32) 2% (w0 — 3% 2 p— 3V 25y +3 25y p ) ¥ (—2% +
252 p* o — Y2+ 2xypryc ) x (22 —3xxc*xxp—3Y 2k woxyp+ 3505+ 3 25w pryc+y —
3xyc*yp+3xys)+(2xxp—1)2%(3xxp+3"2xyp—1)2% (xc—3%xp — 3/ 2%y +31/2%
yp)*(—a2 4251 prro—yi+25yp*yc)* (22 —3*xxc*xp—3Y %100y p+3¥ 2% +31/ 2%
Tp*yYc+yd—3xycxyp+3*xys)) /(8% (2xxp—1)* (—xE+ 24T prrc— Y2 +2%Yp*Yc) *
(3%2% —3*xp+3*y5+32xyp+1)x(yo —3Y 2520 +2%3Y 252 p— 3531/ 2512 — 331/ 2%
Y2+ 2x3Y 250k x p+ 263V 2xyoxy p )k (02— 3xw ok p—3Y 2k 1 0%y p+ 3% 05 +3V 2k pk
Yoty —3xyoryp+3xyp))+(—((3x3"2xyp =23 2xycryptyc+3' 24 (vo— p (2%
ro—3%xp+2)))* (271 p+9%3Y 25y p+-5dxwo*x p+18%yc*yp — Ik xo* (10 +2) —Hd*
5 4-9%y2 — 183V 2522 xy p— 54531 250 h kYo — 18+3Y 2y oy b+ 1853 25y xy p— 18%
31/2*xc*yc+36*31/2*xp*y0—18*31/2*xp*yp+36*31/2*xc*xp*yc+36*31/2*xc*
zp*yp))/(5dx(xp*(2xxc—3%xp+2) —rctyp*(2xyc—3xyp) )2 —18%y2))) /3+ (v —
(14 (4x(2x2p—1)%%(yo—3*yp+3/ 25200 —3Y 251 p ) x (—22+ 251 prw o — Y2+ 2%y p*
Yo )* (3522 —3xx p+-3xyb+3Y 2xyp+1) k(22— 3xw o p—3Y 2k 103y p+ 350 H+31/ 2%
T p*yc+yi—3xycxyp+3xys)+3Y 2% (2xxp—1)x (3 25y p—xp+1)x (20— 3%z p—31/ 2%
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Yo+3Y2xyp) 2k (—a2 4252 pr o —yi+ 2%y p*yc)* (3x 15— 3% p+ 3%y L +3Y 25y p+
1) 4+3Y2% (2% 2p—1)% (32 xyp—xp+1)* (yo —3*yp+3 25200 — 3V 252 p) 25 (— 24 2%
Tp*To—Y2+2xypryc)  x (3xxh — 3k p+-3xyb+3Y 2xyp+1)) /(8% (2w p—1) % (—2% +
2+ p* T —Y2+2xy pryc ) ¥ (3%05— 3% p+3xy B +3 2xyp+1)* (yo—3Y 24w +2+31 2
1 p—3%3Y/ 2522 —3%3 24y 4253 2xw ok p+ 243 2xycxyp ) ¥ (02— Bxw ok w p— 31/ 2%
Toxyp+3%15+3Y 251 pryc+y2 —3xycryp+3xys) )+ (— ((yox (18xx0 —36%2p— 9%
31/2*yc*(2*xp—1)+18)—yp*(18*31/2*(yc—Q*xc*yc—i—?,*xc*yp—Q*xp*yc)—54*
Tp+27)+9%3V 2% (xp* (2% 20 +2) % (xo—1p) +1) —22) ) * (3%3V/ 25y % — 2531/ 2wy o %
yp+yo+3 2% (vo—ap* (2510 —3%1p+2)))) /(54% (xp* (2% 20 —3*Tp+2) — T +YP*
(2#yc—3xyp))?—18xy2))) /3))%(—1) /((—((3+3" 2y} — 243" 2xycxyp+yc+3'/75
(xo—xp*(2%x10—3%2p+2)))*(9%3Y/ 25y — 1853 25y p—36%yc*yp+9*xc* (2% 20—
3xxpx(o—2%Tp+2)+1) =273 pry2+18%y2 +9x3 2502 xyp — 1853 25y ¥y +9%
Sl/z*y%*yp_18*31/2*37P*yc+36*31/2*xP*yP+54*«TP*yC*yP_18*31/2*$C*$p*
yp))/(54x(xp* (2520 —3*%1p+2) —x0+yp* (2%yc—3*yp))? —18%y2 )+ (—((3x3Y/2%
Y% —2x3Y 2 xycxyptyc+3V 2% (vo—xp* (2% 10 —3x1p+2)) ) % (2732 p+ 953V 2y p+
Sdxxoxxp+18xycxyp—Ikwok (r0+2) —bdx %+ 9%y — 1831/ 2k vy p— 5431/ 2
15 xyo— 1853V 2xycxyb + 1843 2wy xyp — 1853V 2% 2%y +36%3Y 252 pryo — 18%
3250 pryp+36x3/ 2510 %1 pryc+36%3 2xwoxapryp)) [/ (54% (xpx (2% z0—3*1p+
2)—wc+yp*(2xyc—3+yp))* —18%y2))) /3= ((ye+(—(((2+zp—1)*(3xxp+3" 5y p—
D)* (2o —3%1p—3Y2xyo+3Y2%yp) 2% (—02 + 252 pr 20— Y2+ 2% yp*yc) >+ (2% xp —
1)*(3%2p+3Y2xyp—1)*(yo—3xyp+3' 2520 —3Y 252 p) 2% (—22 + 25w prac—y2+ 2%
yp*yc)?)*(3%1% —3xxp+3xyb+3Y 2xyp+1)+ (252 p—1)2%(3*yp— 3/ 252 p+-31/2)2%
(xe—3*%xp—3Y 2y +3 25y p )k (— a2+ 253 prro— Y2+ 2%y pryc ) * (22 —3xxo* T p—
3V 2xxoxyp+3%1%+3Y 25w pryc -ty —3xycxyp+3xys) + (251 p—1) 2% 3k p+3/ 24
yp—1)2x (w0 —3%xp—3Y2xyc+3 25y p) x (—22 + 2% T pr 10— Y2 +2%yp*yc ) * (12 —
3xxoxrp—3 2% xoxyp+3x15+3Y 5w pryc+yd —3xycxyp+3%y>3))/ (8% (2% xp —
1)# (=22 4251 przo—y2+2xypxyc ) * (3xx%—3%x p+3xy5+3Y 25y p+1) % (yo — 31/ 2%
To+2x3Y 252 p—3%3Y 2522 — 353 24y 4243 2w ok p+- 243V 2y ok yp ) ¥ (22 — 3%
Toxrp—3Y2%xoxyp+3x2%+3Y 2% xpryc+yd —3xycxyp+3xy3)))+(—((3%31/2%
Y5 —2x32xycxyp+yc+3V 2% (o —xpx (2xx0—3*%xp+2)) ) * (9%3/ 2wy — 18+31/2%
yp—36kycxyp+9xxox (2510 —3%xp*(x0—2%xp+2)+1) =275z p*y2 +18%y2 + 9%
32k xtwyp—18%3Y 2xycxyb+9x3Y 25y xyp— 18+3Y 251 pryo+36%3/ 252 pxyp+
S4xxpxycxyp— 1853 2xxoxxp*yp))/(54% (xp* (2%x0 —3%1p+2) —z0+yp* (2%
o Beyp)VE 184y2)))/3)/((— (3431 2y 248 uyonp syt 82 (20— p
(2520 —3%1p+2)))*(9%3Y 2502w p+-2T 502 %y p— 18+3Y 25w o —Hdxw 0% T pHYyp+
18%3Y2xxcxwp—9%3Y 2520 — 185325254953 2w w pxy2 — 1853V 25w pryoxyp+
18%x p*yc+18%3Y 2% x p+-2Txy2 xyp—ddxyc*xyb+36%3 2xycxyp+9xyc — 5431/ 2%
y%))/ (54 (xp*(2%xc—3%xp+2) —xo+yp* (2xyc—3*yp) )2 —18*%yZ )+ (—((yo* (18
0—36%xp—9%3Y 2xycx (252 p—1)+18) —yp* (1843 2% (yo — 2% *yc+3* T *Yp—
2T p*yc) —5dxxp+27)+9%3Y 2% (wp* (2520 +2)* (vo—xp)+1) —22)) * (35312«
Y% —2x3 2 xycxyp+yo+3 2% (vo—xp* (2% 20 —3x1p+2)))) /(54 (v p* (2510 — 3%
rp+2)—xo+yp*(2xyc—3xyp))2—18%y2)))/3— (xc+ (4% (2xxp—1)*x (yo —3*yp+
32500 —3Y 25w p )k (— 22+ 2% T pr1 o — Y2+ 2%y p*yc ) * (3x 2% —3xx p+ 3xyL+31/ 2%
yp+1)x(22 —3xxc*xp—3 2 %0 0xy p+3% 2%+ 3V 251 pryc+y — 3xycxyp+3*ys) +
3Y2%(2xxp—1)%(3Y2xyp—ap+1) % (20 —3%1p— 3 2xyc+3Y 25y p) 2% (—w2 +-2% 2 p*
To—y+2xypryc) x(3x2% —3xx p+-3xyb+3Y 25y p+1) 432 (2% p— 1) % (3 25y p—
wp+1)*(yo—3*xyp+3" %m0 — 3252 p) 2k (—0Z + 25w pr 10— Y2+ 25 yp*yc)?* (3%
15— 3% p+3xy%+3Y2xyp+1)) /(8% (2xxp— 1) % (—22+ 251 px10— Y2+ 2% Yp*Yc) *
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(3%2% —3%xp+3*xy5+32xyp+1)x(yo —3Y 2520 +2%3Y 252 p— 3531/ 2522 — 331/ 2%
Y5 +2x3Y 25 w0k 2 p+ 253 2xyoxyp) x (02— 3xxo*xrp — 3 2 x 10k yp+ 35 2%+ 31/2%
wp¥yc+ye—3xyoryp+3xyp))+ (= ((3%3'2xyp —2x3' 2 xyoryp+yo+3'7% (10—
T p*(2xx0—3%xp+2)))* (9%3Y 2502 51 p+ 2T 02wy p— 1853V 2w ok 2% — Hdx T ok T p*
yp+18%32xxoxxp—9%3Y 2500 — 1843V 2% 0%+ 953V 25w pxy2 — 18431 25w pxyc*
Yp+18xxpxyc+18+3 2% x p+- 275y *yp — 5dxyoxys+36%31 2xycxyp+9xyc —5d*
3'2xy3))/(5dx (wp* (2510 —3%wp+2) —we+yp*(2xyc —3xyp))* —18xy2))) /3))).
We verify that the centroid of ABC' lies on both of these lines since we calculate
(—((3%3Y2xy2 —2x3 25y xyp+yc+3Y2% (xo —xp* (2550 —3x2p+2)) ) * (95312 %
yo—18%3Y 25y p—36xycxyp+9*xrox (2510 — 3% p* (w0 — 2% p+2)+1) —2T*x p*yd +
18+ Y2 +9%3Y 2522 5y p— 1853V 2y oy +9x3Y 25y wy p— 18%3Y/ 2z pryc +36%31/ 2%
rp*yp+dd*rprycxyp—18%3 2xxcxapryp))/(5d* (xp* (2520 —3*xp+2) —T0+
yp*(25yo—3%yp) )’ —18xy2 ) +(—((3%3"xyp— 253" 2xycryp+yo+3" 2+ (zo—r px
(220 —3*%xp+2)))*(27%2 p+9%3Y 25y p+ 5d*x ¥ p+18%yc*yp —Ix w0 (20 +2) —
5415 +9xy2 — 1853V 2522 5y p—54x3Y 2xr by — 18%3Y 2y cxyb+ 1853 2wy 2wy p—
184325z xyc+36%3Y 252 pryc —18%3/ 2% x pryp+ 3643/ 25z xx pryc+36%31/2x
zoxxpxyp))/(5dx(zp*(2xxc—3%xp+2)—xo+yp*(2%yc—3*yp))? —18%y2)))/3+
(2e+1)/3—((—((3%3"2xy% —2%3 2 xycxyp+yc+3Y %% (xc—xp* (2% 20 — 3% 2P+
2)))*(9%3 2522 %2 p+-275 22 % yp — 1843V 25 pox0d —5dxwoxxpryp+18%3/ 2510
T p—9%3Y/ 2520 — 1853V 2 x5 4953 251 pryy2, — 1853 25w prycxyp+ 185w pryc+18%
3V 25w p+2Txy2 xyp—5d*yoxys+36x3 2xycxyp+9xyc — 5431/ 2xy%)) / (54% (v p*
(2xx0—3%xp+2)—zo+yp*(2xyc—3*yp))? —18%y2 ) +(—((yc* (18*xc —36%x p— 9%
3V 2xyc* (2xxp—1)+18) —yp* (18431 2% (yo — 2% x o ¥ yc+3* Ty p— 2% p*Yyc ) — Hd*
p+27)+9%3 25 (xp* (2520 +2) % (zo—2p) +1) —22))* (3% 3V 25y — 2531 25y o %
yp+yo+3 2% (vo—xp*(2%10—3%1p+2)))) /(54% (1 p* (2% 10 —3*Tp+2) — T +YP*
(2xyc—3xyp))* —18+y2)))/3))* (=1)/(((— (252 p—1)*(3x2 p+3"*xyp—1)x(zc—
3% p—3Y2xyo+3Y 25y p) 2% (— 22+ 2% 1 prr o —yE+ 2%y p*yc) + (252 p— 1) * (3xxp+
3V 2xyp—1)x(yo—3xyp+3Y 2510 —3Y 252 p) 2% (— 22+ 25w px 20— Y2+ 25y p*yc)?) *
(3%2% —3xxp+3%y2+3 2xyp+ 1)+ (2%xp—1)2 % (3xyp— 3252 p+32) 2 (0o — 3%
2 p—3Y2xyc+3Y 2y p )k (— 224+ 252 prrc—y2+ 25y pryc ) ¥ (15 —3xxo* 1 p—3Y 251 0%
Yp+3x15+3Y 252 pryc+yd —3xyoxyp+3xys) +(2xxp—1)%* (3xx p+3/ 25y p—1)2%
(fc—3*xp—31/2*yc+31/2*yp)>x<(—x%+2*xp*xc—y%+2*yp*yc)*(m%—S*xc*xp—
3V 2xxoxyp+3x054+3Y 25 pryc -ty —3*yoryp+3%y3)) /(8% (2xxp—1) % (—22 +2%
Tprro—yi+2xypryc)* (3x1h — 3% p+3xyb+3 2 xyp+1) % (yo— 325w +2% 3/ 2%
7 p—3x3Y/ 2522 —3%3Y 24y + 253 2k ok p+ 243 2xyoxyp ) ¥ (02— 3xw ok w p— 31/ 2%
roxyp+3xp+3" 2k x pryctyd —3xyoxyp+3xyp)) +(—((3x3" 7 xyp —2%3' 2y ox
yp+yo+3 2% (xo—rp* (2%x0—3%xp+2)))* (272 p+9%3"/ 25y p+-5dxx ok x p+-18%
Yoxyp—9xrox(r0+2) —54% 2%+ 9%y —18+3V/ 2k xyp— 54531 2x1% xy o — 18531/ 2%
Yoxyb+ 183 2wy xyp —18+3Y 25wk yc+36%3Y 25w pryc — 1853V 2 k1 pxy p+36%
3V 2xxoxaxpryc+36+3Y 2% xoxrpryp))/ (5dx (vp* (2% 20 —3%2p+2) —zo+yp* (2%
yo—3xyp))2—18%y2)))/3— ((yo+(—(((2xxp—1)*(3xx p+3"/2xyp—1)x (2 —3%1p—
325 yc+3Y2xyp)tx (—ai + 2% wprro—y2+2xyp*yc)t+ (2xxp—1)* (3xxp+31/ 2%
yp—1)*(yo—3%yp+3Y 2520 —32x2p) 2% (—ad + 252 p*xc— Y& +2xypryc)?) * (3%
15— 3% p+3%xyb+3Y 2xyp+1)+ (252 p—1)2# (3xyp— 3 252 p+3Y/2) 2 (20— 3% p—
325y +3Y 2 xyp)k (—a2 4+ 251 prro—yi+ 2% ypxyc) * (12 — 3z xxp—3Y 2% 10 %
yp+3x15+3Y 252 pryc+yd—3xycxyp+3xys)+(2xxp—1) %% (3kx p+3/ 25y p—1)%%
(z0—3%1p—3 2 xyc+3Y 25y p)* (— 224+ 2%x prro—y2+ 2%y pryc ) * (5 — 3% w0k T p—
3V 2xxoxyp+3x0h+3Y 25 pryc+yd —3xycxyp+3%y3)) /(8% (2xxp—1)* (— 22 +2%
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Tp*ro—Y2+2xypryc)* (3% 2% —3x1 p+3xy3+3V 2 xyp+1)* (yo — 3/ 25w+ 231/ 2%
xp—3%3Y/ 2522 —3%3 24y 4 243 2xw ok p+ 243 2xyoxyp ) ¥ (02— Bxw ok w p— 3/ 2%
Toxyp+3xa%+3Y2xx pryc+yd —3xyoryp+3xy%)) )+ (—((3%3Y/2xy% — 2531 25y %
yp+yc+3' 2% (vo—xpx (2% 20 —3%xp+2))) (9531 25y — 183V 25y p — 36 %y xyp+
Ykzo* (2%x0— 3% px (10— 251 p+2)+1) =27+ pry2 +18%y2 +9x3/ 2522 xyp— 18%
3V 2 xycxy?+9x3Y 2592 xyp — 1853V 25w pxyc +36%3Y 2 k1 pxyp+ 5dx T p Yo *Yp —
183V 2xxcxxpryp))/(54% (xp* (2%x0—3*%xp+2) — 20 +Yyp* (2% yc—3*yp))? — 18%
y2)))/3))/(1+(4x (2% 2 p—1)?x(yo —3xyp+3"/2xx0 —3Y 252 p ) x (—22 + 252 prc —
Y2 +2xypryc ) * (315 — 3% p+3xyb+3Y 2xyp+1)x (22— 3xxc*x p— 3/ k1 0Ny p+3%
1 543Y 252 pryo+yd —3xycxyp+3xys)+3Y 2% (2kx p—1)*(3V 2xyp—1 p+1)* (10— 3%
Tp—3Y2xyo+ 3V 25y p ) 2w (— a2+ 25w prro— Y2+ 2xypryc) x (3x 0L — 3k p+-3x YL+
3V 25yp+1)4+3Y2% (252 p— 1) % (3 2xyp—xp+1)* (yc —3xyp+3/ 210 — 3 2x1p) 2%
(=224 2xxprrc—yd+2xyp*ryc) ?x (3% 2% —3%x p+3%yb+3V 25y p+1)) /(8% (252 p—
D)# (=22 4251 prac—y2+2%ypxyc ) * (3x2% —3%x p+3xy5+3Y 25y p+1)* (yo — 31/ 2%
To+2%3Y 252 p—3x3Y/ 2x0%, — 353V 25 y2 4253 25w ok w p+ 243V 2xy oy p )+ (12— 3%
Toxxp—3Y2%woxyp+ 352543V 2% xpryct+yd —3xyoxyp+3%y3)) + (—((yox (18%
T —36%2p—9%3Y 2xycx (2xxp—1)+18) —yp* (1843 2% (yo — 2% w0 ¥y +3*T0*Yp —
2%1 pryc) — 54k p+27)+9%3Y 2% (2 px (2% 20 +2)* (wo—2p)+1)—22) ) (3%31/ 25/, —
253 2xycxyp+yc+3Y 2% (v —rpx (2xx0—3%1p+2)))) /(54% (xp* (2510 —3*Tp+
2)—xc+yp*(2%yc—3*yp))2—18%y2))) /3— (v + (4% (2% 2 p—1)%* (yo — 3%y p+31/2x
To—3Y 2 xxp) k(22 25T prro— Y2+ 2% ypxyc) * (3x1% —3xxp+3%ySH+3Y 2xyp+
D# (22 —3xxcxwp—3Y 25 00xyp+3x05+3Y 252 pryc+y2 —3xycryp+3xy% ) +31/ 2%
(2%xp—1)*(3Y2xyp—ap+1)x(2c—3%xp—3Y25xyc+3Y2xyp) 25 (—a2 + 2xx px2c—
Y2+ 2%y pryc) 2 (3x2% —3%x p+-3xy B +-3Y 2xyp+1) 43V 2% 2%z p—1) % (3Y 25y p—a p+
D*(yo—3*yp+3Y2x2c—3Y250p) 2% (—02 4 251 prwc — Y2+ 2%y pryc ) 2 * (3x 1% — 3%
Tp+3xy%+3Y2xyp+1)) /(8% (2xx p—1)* (— 22 +2% T px 10— Y2+ 25y pryc ) * (3xwh —
32 p+3%yb+3V 2 xyp+1)* (yo —3Y 2 kw0 + 253V 2k p — 353/ 2503 — 3531/ 2592+ 24
3V 2xwoxap+243Y 2xycxyp) (02 —3xxo*rp —3Y 2% w0xyp+ 3% 15 +3Y 2k pRyc+
Y2 —3xycxyp+3xy3) )+ (—((3%3Y/2xy% —2%3 2xycxyp+yc+3 2% (xc—x p* (2510 —
3xxp+2)))* (953 2xal sk x p+ 275125y p— 1853 kw0 0% —5dxx v pry p+ 18431/ 2%
T p—9%x3Y 2w —18%3Y 250549531 25z pryZ — 1853V 252 prycky p+ 1851 pry o+
183 2% p+ 2T %y *yp —bd*yoxyh+36%3 2xyoxyp+9%yc —H4* 32 xy2)) /(54 %
(xp*(2%xc—3*%xp+2) —xc+yp* (2xyc —3*yp))? —18xy2)))/3)) —yc/3 = 0,
and

(—((2%xp—1)*(3xxp+3 25y p—1)* (v —3%x p—3Y 24y +3V/ 2y p ) 2% (— 22 + 252 p*
To—y2+2%yp*yc)?+(2xxp—1)x(3xxp+3Y2xyp—1)* (yo —3xyp+3" 2w —31/2%
xp) 2k (=L 25T prro— Y2 +2%ypryc)?) x (3xxh — 3% 2 p+3xyb+3V 2xyp+1)+ (2%
xp—1)2%(3xyp—3Y 252 p+32) 2k (20— 351 p—3Y 24y +3V 25y p ) ¥ (— 22+ 2w prac—
Yot 2xypxye)* (xg—3xroxap =32 xxoryp+3xap+3' 2 kr pryc+yd —3xycryp+
3xy2)+(2%xp—1) 2% (3% p+3Y2xyp—1)%x (o — 3%z p—3Y 25y + 31 25y p) x (—22 +
252 p*Tc—Y2+2xypxyc ) * (12 —3*xxc* 1 p—3Y 2k woxyp+ 350+ 3Y 25 pryc+yd —
3xycryp+3xyp))/ (8% (2xxp—1)*(—2i+2%x pxro— Y2+ 2%y p*yc ) * (3x1%H—3xxp+
3xyb4+3Y2xyp+1) % (yo — 3 2% w0 +2%3Y 2% p — 35312522, — 3% 31/ 25y 42531/ 2«
voxxp+2x3 2 xycxyp)x (22 —3xxc*krp —3Y 2% w0 xyp+3x 205 +3V 25w pryc+yZ —
3xycryp+3%ys))+(—((3%3Y/2xy% —2%3Y 25 ycxyp+yc+3Y 2% (w0 — 2 p* (2510 — 3%
1p+2)))* (2752 p+9%3V 25y p+-5d*xox T p+18%ycxyp— %o * (To+2) —5d* 1% +9%
Y2 —18%3Y 2% 22wy p— 543V 2522 xyc — 1853V 2xyokys + 18431 2wy 2wy p— 1831/ 2%
T kYo +36%3Y 2w pryc—18%3Y 2w pryp+36%3Y Lxaona pryc+36%3" 2xx ok p
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yp))/(5d* (zp* (2xxc—3*xp+2) —T0+yp*(2%yYc—3*yp))’ —18xyz))) /3+((zc+
1)/3—((1+(4x(2%xp—1)%*(yc—3*yp+3 2500 —3Y 2k p) ¥ (—a2 + 25 prwc —y2+
2%y pryc) % (3x2%— 3% p+3xy%+3V 2xy p+1)* (22, —3xwo*r p— 3V 251 0%y p+ 3525+
325w pxyc+yZ —3xycryp+3xys) +3 2% (2xxp—1)* (3Y2xyp—xp+1)* (vc — 3%
1p—3Y2xyc+3Y 25y p) 2k (— 2L+ 2% T prr 0 — Y2+ 25y pryc ) * (3x1L —3x 1 p+ 33y L+
3Y25yp+1)+3Y2%(2xxp— 1) % (3125 yp—ap+1) % (yo —3*yp+3'/ 2% 26— 32 x1p)
(=224 2%xprwo—yi+25xyp*yc) 2+ (3% 2% — 3% p+3%yb+32xyp+1)) /(8% (252 p—
D)# (=22 4251 prro—y2+2xypxyc ) * (3% 25— 3% p+3xy%+3Y 25y p+1) % (yo — 31/ %*
To+2%3Y 252 p—3%3Y 2522 — 353 24y 12431 2w ok p -2 3V 2y ok yp) x (22 — 3%
voxwp—3" koxyp+3xxh 43 2k pryc+yd —3xycryp+3xyp)) +(— ((yo* (18%
0—36%xp—9%3Y 2xycx (2% 2 p—1)+18) —yp* (1843 2% (yo — 2% *yc+3*To*yp—
2+ p*yc ) — A p+27)+9x3Y 2% (2 px (2510 +2)* (wo—2p)+1) —2) )% (3531 25y % —
253 25 ycxyp+yc+3Y 2% (xog—rpx 2%z —3%xp+2)))) /(54% (xp* (2% 0 —3*Tp+
2) —we+yp*(2xyc—3*yp))* —18x12))) /3))* (—1) /(= ((3%3"*xyp — 253! 2xy o+
yp+yc+3Y 5 (vo—xp* (2500 —3*%xp+2)) ) % (9%3Y 2y — 18%3Y 25y p— 364y *xyp+
Yz o*(2%x0— 3% px (v —2%0p+2)+1) =27+ pry2 +18%y2+9x3/ 2522 xyp— 18%
3 2xyckyb 4953 2wyt xy p— 18%3Y 252 pry o +36%3Y 251 pry p+5dx 1 prycryp—18%
3V 2xxoxxpryp)) /(54 (xp* (2% 10 —3%2 p+2) —20+yp* (2xyc—3*yp) ) —18+y2 )+
(—((3%32xy2—2+3' 25y cxyptyc+3' 2% (xc—p* (200 — 3% p+2)) ) % (2T*2 p+9%
3V 2xyp+54xzc*xp+18%yoxyp— 9% ro* (10+2) —5dx b+ 9xy2 — 1853V 2k vy p —
54x3Y 2522 xyc — 183V 2xycxyb+18%3Y 2592 5y p— 1853V 2510 xy o +36 %31/ 25 p
Yo — 18325z pxyp+36+3"/ 2xx ok a pryc+36x3" 2xx ok pryp)) [ (54* (2 px (2% 10—
3x2p+2)—zc+yp* (2xyc—3xyp))? —18xy2))) /3~ ((yc +(—(((2xxp—1)*(3xzp+
3V 2xyp—1)* (0 —3*%xp—3Y2xyc+3Y 25y p) 2% (—a2 4+ 2% 1 pr o — Y2+ 2%y pryc) 2+
(2+2p—1)*(3xx p+3Y 25y p—1)*(yo—3xyp+3'/ 2 %20 —3Y 252 p ) 2% (— 12 +-2%1 prac—
Y2+ 2xypxyc)? )k (3xxh — 3% p+3xyb+3Y 2xyp+ 1)+ 25z p—1) 2% (3xyp—3Y 252 p+
3Y2)2x (vo—3%xp—3V 25y + 31 25y p) ¥ (— 2L+ 252 px 20— Y2+ 25y pryc ) * (15— 3%
roxrp—3Y 2%z ok yp+3xrb+3Y 25w pryc+yZ —3kyoryp+3xyd) +(2xxp—1)2% (3%
xp+3Y2xyp—1)2% (v0—3*%xp —3Y 25 yo+3Y 2% yp) k (—aZ + 2% T prrc —Yi+ 2%y p*
yo)* (2% —3xxoxxp—3Y 2% xoxyp+3% 1% +3Y 251 pryct+yd —3xycryp+3*xy3)) /(8%
(252 p—1)* (=22 + 252 p*r0—Y2+2%yp*yc) * (3% 15— 3% 1 p+3%yL+3 2xyp+1)
(yo—3'2x304+2%3' 253 p— 3531/ 2502, — 3531/ 25y %+ 253V 250 ok p+- 243V 2y oy p ) ¢
(22 —3xxc*xp—3Y %208y p+3%1%5+3Y 251 pryc+yd —3xycxyp+3%y3)) ) +(—((3*
325y — 243 2xycxyp+yc+3Y 2% (xo—ap* (2520 — 3% p+2)) ) # (9531 25y — 18+
3V 2%y p—36xycxyp+9xro* (2% 00 —3%1 p* (10— 2% p4-2) +1) —27xx pry2+-18%y2 +
9531/ 2502 xyp—18%3Y 25y vy % +9x3Y 25y 2k y p— 1853V 252 pryc +3653Y 25w pryp+
Sdxxpxycxyp— 1853V 2xxoxxp*yp))/(54% (xp* (2% 20 —3%wp+2) — 20 +Yp* (2%
o Beyp)V— 18wy2)))/3)/((~ (33 2agh 248/ uyrnyp + yot 8/ 2e (e p
(2520 —3%1p+2)))*(9%3Y 2522 %3 p+-2T 512 %y p— 18431 25w 0% 1% —DAxT o T pHY P+
18%3 2% xcxwp— 953/ 2500 — 183/ 2522 4953V 25 1 pry2 — 1853V 2x 2 pxyoxyp+
1852 pxyc+18%3Y 252 p+ 275y xyp— 5d*ycxyb+36%3Y/ 2xycry p+9*yc — 54+ 31/ 2
y%))/ (54x(xp* (2% xc—3%xp+2) —xo+yp* (2xyc—3xyp))> —18%y2 ) +(—((yc* (18
1o —36%2p—9%3Y 2xycx (25w p—1)+18) —yp* (1843 2% (yo — 2% w0 ¥y +3*T 0¥ Y p —
2%1 pryc) — 54k p+27)+9%3Y 2% (2 p* (2% 20 +2)* (wo—2p)+1)—22) ) (3531 252, —
253 25 ycxyp+yc+3Y 2% (xo—1px (2% 10— 3% p+2))))/ (54% (v p* (2510 —3*Tp+
D)~ bypr(eyo—deyp) P —18ey2))) 3—(z0-+ (44 (2xzm—1) s (yo—Brypt 31120
To—3Y 2 xxp) k(a2 25T prro— Y2+ 2% ypxyc) * (3xxh —3xx p+ 3% Y5+ 3 2xyp+
D# (22 —3xxoxwp—3Y 25 xoxyp+3x15+3Y 252 pryc+yd —3xyoryp+3xy% ) +31/ 2%
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(2%2p—1)%(3Y2xyp—zp+1)* (2 —3*xp— 324y + 3V 25y p) 2% (—a2 +- 2% T p* 2 —
Y2+ 2%y pryc) 2 (3x2% —3%1 p+-3xy b +3Y 2xyp+1)+3V 2% (252 p—1) % (3Y 25y p—a p+
D*(yo—3*yp+3Y 2520 —3Y251p) 25 (—02 4 251 prwc — Y2+ 2%y pryc ) 2 * (3x 1% — 3%
T p+3*xyb+32xyp+1)) /(8% (25w p—1) % (—a2 +2%x prwc— Y2+ 25y pryc) * (3525 —
3xxp+3xyb+32xyp+1)*(yo— 325200 +2%3Y 25w p — 3531 2513 —3%31/ 2%y 4 2%
3V 2xwoxap+253Y 2xycxyp) * (22— 3xxo*xrp—3Y 2% w0*yp+ 3% 15 +3Y 252 pRyc+
Y&—3xyoxyp+3xyp))+(—((3x3"2xyp =243 *xycxyptyo+3" 75 (vo—wp¥ (2520 —
34w p+2)))# (953 2522w p+ 27522 %y p— 1853 2k o x0h — 5d*x o % pryp+18%31/ 2
To*xp—9%3 2500 — 18431 25024953 251 pry2, — 18%31/ 25 prycky p+ 18T pryc+
183 2% 1 p+ 2T %y *yp —bd*yoxyb+36%3Y 2xyoxyp+9%yc —H4*3Y 2 xy%)) /(54 %
(xp*(2%x0—3xxp+2)—xc+yp*(2xyc—3*yp))> —18%v%)))/3))) —yc/3 =0
as desired. 0

FiGurg 1. Illustration.

REFERENCES

[1] Weisstein, Eric W. "Napoleon’s Theorem." From MathWorld-A Wolfram Web Resource.
https://mathworld.wolfram.com /NapoleonsTheorem.html



	1. Introduction
	2. Results
	References

