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1. INTRODUCTION

We provide justification for the observation made in Euclid #8451.

2. RESULTS

Theorem 2.1. Let ABC be a triangle with centroid G.

Let A’B'C" be the first Napoleon triangle.

Let A” be the reflection of A about line GA'.

Define B" and C" cyclically.

Let G4 be the centroid of AA’A”.

Define Gg and G¢ cyclically.

Then,

1. the pairs A’A”, B'B", and C'C" have a common midpoint, P, and

2. the centroids of AB"C", BA"C", and CA"B" form an equilateral triangle whose
circumcircle is identical to the circle whose diameter connects the centroid of

GAGpGe and the reflection of G about P.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1, 0).

C' has coordinates (z¢, yo).

G has coordinates ((z¢ +1)/3,yc/3).

A’ has coordinates

(mo+14xc/2+ (32 % yc)/2+1/2)/3, (yo + (yo — 32 * (zc — 1))/2)/3).
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B’ has coordinates

(v + 202 — (32 5 40)/2)/3, (v + yo /2 + 3V * 20)/2)/3).

(" has coordinates

(1/2,-3'2/6).

Line GA’ is given by the equation

y = (yo/3)+(z—((xc+1)/3))*((ye/3) — ((yo+(yo—3"*+(2c—1))/2)/3)) / ((wc+
1)/3) — ((re+ 1+ 10/2+ (325 yo) 2.+ 1/2)/3).

Line GB’ is given by the equation

y = (yo/3)+(z—((zc+1)/3))*((yc/3) —
1)/3) = ((xe + zc/2 — (37 x yo) /2)/3)).
Line GC" is given by the equation
y=(ye/3) + (z — ((zc +1)/3)) * ((yc/3) — (=3"2/6))/(((xc +1)/3) — (1/2)).
A" has coordinates

(2% (— (32 % (22492 — 1) % (yo — 312 x 20 +3Y2)) /(12% (2% — vc + Y2 + 3V 2 v yo +
1)), 25((3Y2x (7048wt 1) (12 42— 1) /(128 (12— + g+ 3510 1)))).
B" has coordinates

(2% ((3x 28 +3Y2x 8y +6 %22+ 3510 *yd — 23V 2520 *yo — 125 20+ 312592, +
12592 + 125325 yc +12) /(125 (22 — 20 +y2 +3Y2xyc+1))) — 1, 2% (312 xyo —
To+2) % (32522 —2%3Y2x 20+ 312 x92)) /(12% (22, — w0 + Y2 + 325y +1)))).
C" has coordinates

(2% (4% 28 %y +12x3Y 2503, — 24x 02y — 123V 2502, + 245 w0 %y +28%3Y 2k 10 %
Y2 +36%x0xyc+6x3Y 2k wo+4x3 2xy2 +12xyo+3x31/2) /(12 (2xyc+3Y/2) x (22—
To+yd+3 2 xyo+ 1)) — 20, 2% (125 22 % yo + 4% 32 %22 — 12520 v yo — 4% 31/ %
ro+12%y +1253 252 4125y +32) /(12 (23 — we +y& +3'xyc+1))) —yo).
(G4 has coordinates
((1%:04—1—0—90042—1—(31/2*2yc)/32—+—1/2)/3+2*(—(31/2*(x%+g/1%2—1)*(yc—31/2*330+
3112)) /(124 (12— 0+ 7%+ 325y +10))/3, (go+ (g0 — 3% (20— 1)) /2),/3+ 2
(325 (r0+ 32 yo+ 1) # (23— 1))/ (125 (%~ 70+ 92+ 372 g+ 1)))/3).
G g has coordinates

(14 (zc+a0/2—(3Y2%yc)/2) )34+ 2% ((3xxd, + 3V 2% 22 % yc + 6% 32+ 3% x0* Y2 —
2532 x 2oy — 12520+ 32 % y3 + 125 y2 + 125325 yo +12) /(12 % (22 — w0 +
ye +32xyc+1))) = 1)/3, ((yo +ye/2+ (32 x 2¢) /2) [3+ 2% (32 % yc — wc +
2) % (32 %22 — 2% 325 10+ 3Y2%92)) /(12% (2% — w0 + 92 + 32 xyc +1))))/3).
G¢ has coordinates

(o +1/2 4+ 2% (24 x 28 % yo + 12 % 32 % 23, — 24 % 2% * yo — 12 % 32 x 22, +
U oyl + 283V 2k w0 x Yyl +36 % vo*yo + 6% 32 x a0 +4 %32 %92 + 12 %
Yo +3%3Y2)/(12% (2% yc +3Y2) % (2% — 20+ y2 + 32 xyo + 1)) — 20) /3, (yo +
(—=3Y2/6) + 2% (12% 22 *yo +4 %32 x 22 — 12x w0 *yc — 4% 32 x 20 + 12 %
Yo +12x3 25 g3 + 12 yo +3'2) /(12 (22 — w0 +y& + 37 xyo +1))) — yo) /3).
The centroid of G 4G G has coordinates

(3Y2% ((9%xc+9)* (8*2Z —11xx0+8) +yo* (3% 32 % (16 %23, — 6% 22 +6 *
To+37) +yo* (144 %20 +6 %325 yo * (810 +5) +171)))) /(162 % (2% yo + 3/2) *
(x2 — w0 +yo* (yo+3Y2) +1)), (3Y2x (vo * (2T 20 — 27) +yo * (3% 312 % (8% 22 —
8% 10 +5) +yo * (24 %32 xyo +63))))/ (162 * (22 — zc + yo * (yo +32) + 1))).
The centroid of AB”C" has coordinates

(2% (3%} +3Y 2502 %y +6 %22+ 3% w0 xyd —2%3 2% o xyc — 125 w0+ 3V 253, +
125y2 +12%3Y 25y +12) /(12% (22 — w0 +y2+3Y 25 yo+1))) — 14+ 2% (2422 5y +
1232523, — 24x 02 xyc — 12%3'/ 2522, 4245 o x Yl +28%3Y 2k w0 xy2 + 36 %m0 % yo +
6%3Y2x w0 +4%3Y 2 xy2 + 125 yc+3%32) /(125 (2% yc +32) x (22, —vc+y2 +31/% %

(ye +yo/2+ (3" x20)/2)/3)/((we+
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yo+1)))—z0)/3, (2% (312 *yo —wc+2) % (312 %22 — 253 2520 +3Y2x92)) /(12%
(x%—xg%jy%+31/2*yc+l)))+2*((12*x20*yc+4*31/2*x20—12*xc*yc—4*31/2*
wo+12%yt 125312 xy2 4125y +3"7) /(124 (02 — o +y2+3" 2 xyc+1))) —ye) /3).
The centroid of BA”C” has coordinates

(142 % (—(3Y2 5 (2 + 4 — 1) % (o — 32 w0+ 31/2)) /(12 % (2, — w0 + 4 +
325 yc+ 1))+ 2% (24 %2l xyo +12% 32 x 2, — 24 x 22 % yo — 12312 % 22, +
24 % w0 xyd +28% 32 x 1o xyl + 36 x 1ok yc + 6% 3V 2k wo + 4% 32k + 124
Yo +3%3Y2) /(12% (2% yo + 3Y2) % (22, —wo +y2 + 32 xyo + 1)) — 2¢)/3, (2 %
(32 % (w0 + 3V2  yo + 1) x (a2 + g — 1)/(12 % (% — 20 + g2+ 32 5 yo +
D) +2%((12x a2 xyo +4 %32 %22 — 12520 xyo — 4% 32 x w0 + 125 92, +
1232 % g2 + 12 % yo + 3Y2) /(12 % (24 — wc + y2 + 32 x yo + 1)) — ye)/3).
The centroid of C'A” B” has coordinates

(ro+2%(—(3Y2x (22 4+y2 — 1) * (yo —3Y?xxc+3Y2)) /(125 (22 —x 0+ Y2 +3Y 2 xyc+
1)) +2x((3%xd 43 2502k yc+6x12+3% w0 xy2 — 2% 3Y 250 0k y o — 12530 +3Y 25y 3 +
12598 +1253"25yc +12) /(12 (23 — 2o+ ¢ +3'xyo+1))) = 1) /3, (yo +2x (3"
(2o+32xyc+1)x (22 +y2 —1)) ) (12% (22 — 20 +y2+3 25y +1))) +2% (312 xyc —
To+2)*(3Y2% 22— 253 2500 +32xy2)) /(125 (22 — w0 +y2 +3 25y +1)))) /3).
Consider the point P, the midpoint of C’ and C” whose coordinates are given by
(2% (2428 *yc +12%3Y2 % 23, — 245 22 % yo — 12% 312 % 22, + 24 20 * Y2, + 28 *
325 w0 *y2 +36 %10k yc + 6% 32 kw0 + 4% 3Y2x 42 + 125 yo + 3% 3Y/2) /(12 %
(2% yo +3Y2) % (22 — w0 +y2 + 32 xyo + 1)) — 20 + 1/2)/2, (2 % (12 x 22 *
Yo +4*3Y 2522 —12x w0 yo — 4% 3V 2 x 1o + 12543 + 125325 g2 + 125 yo +
3V /(12 % (22 — w0+ y2 + 32 xyo + 1)) — yo — 3Y2/6)/2).

The reflection of G about P has coordinates

(2% (2% ((24*2d *yo +12% 3V 2% 2, — 245 22 % yo — 124 3Y2 % 22, + 24 x wo * y, +
2832 % woxyZ +36x 20 Yo +6% 32w w0+ 4532 k2 + 12y +3%31/2) /(12 %
(2% yo +3Y2) % (232 — 2o +y2 + 3V % yc + 1)) —2c +1/2)/2) — (v +1)/3,2
(2% ((12% 2% %yc +4 %325 22 — 12520 *yc — 4% 32 % w0 + 125 93, + 125 312 %
Y& +12xyc +3'2) /(12 (22 — xc +yg + 3"y + 1)) —ye — 32 /6) /2) — yc /3).
We verify that P is the midpoint of A’A” and B’B” since we calculate
(zo+14a0/2+ (32 5yc) /24+1/2) /3425 (= (32 (23 +y& —1)* (yo — 3" *xac +
312))/(12% (22— 2o +y2+3Y25yc+1)))) /12— (2% (2452 xyo+ 12531 252, — 2422 %
Yo —12+3V/ 2522+ 245w ok yd +28%3 2k w2+ 3651 0%y +643Y 2xw o +-4x 31 2y +
12%yc+3%3"2) / (12# (2xyo+3"2) (g —wo+yg+3"2xyc+1))) —x0+1/2) /2) = 0,
((ye + (yo — 32 (wc = 1))/2) /3 + 2% (32 % (zc + 3"k yo + 1) * (a3 + y2 —
1)/(12% (2% — 20 +y2 + 325 yo +1))))/2 — (2% (12 % 22 x yo + 4% 3/ 2 x 22, —
12%z0*yc —4* 32 x w0+ 125y +12% 32 % g2 + 12 x yo + 3Y/2) /(12 % (22, —
we +ye + 32 % yo +1))) —ye — 32/6)/2) = 0,

(w0 +20/2— (32 yc) [2) 3+ 2 (3 xal + 372 . xyo+ 6l + 35 ro sy — 23
325 w0xyo —12% 20+ 3V 25 g2 + 125 Y2 + 12532 xyo +12) /(125 (22, —z0 +y2 +
3 2xyc+ 1)) —1)/2 — (2% (24 * 23 *yo + 125 3Y2x 23, — 24 % 22 % yo — 12x 312«
22+ 24% w0 %yl + 28532k w0yl + 36k 1ok Yo + 6532k w0+ 4% 3V 2w y2 +12%
Yo +3%3Y2) /(125 (25 yc +3Y2) * (22 —wo+y2 + 32 xyc+1))) —2c+1/2) /2) = 0,
and

(yo +yo/2+ (312 % 20)/2)/3+ 2% (32 xyo — xc +2) * (342 % 22, — 2% 31/% %
ro+ 325 g2) /(125 (2 — 30+ g + 312w yo + 1)))/2 — (25 (124 25 yo +
432 %02 — 12xmoxyc —4* 32 xwo + 125 43 + 1232 % 92 + 12 % yo +
31/2) /(12 % (2 — 20 + 4. + 312 5 yo + 1)) — yo — 32/6)/2) = 0.
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We verify that the centroids of AB”"C”, BA"C”, and CA”B” form an equilateral
triangle by showing that their sides are the same length via the calculations
(((2*((3*x%+31/2*a:%*yc+6*x%+3*xc*y%—2*31/2*xc>|<yc—12*x0+31/2*y%+
125y + 125325y +12) /(125 (22 — 20+ Y2 +3Y 25 yc+1))) — 14+2% ((24* 28 *yc +
1253Y 2528, — 2402 %y —12%3Y 2502 + 2452 0%y +28%3Y 2w ok Y2436 % 1 0¥y o+ 6%
3253 0+4%3V 25y +125yo+3%3Y2) /(125 (2% yc+3Y2) % (22 — w0+ Y2 +3Y 2 xyo+
1)) —zc)/3) = ((14+2x%(— (3% (23 +y2 — 1) *(yo —3"2xxc+3"2)) /(124 (23— +
Y2 +3Y2xyc+1)))+2x (2458 xyc+12x3Y 2528, — 24x w2 %y o — 125 3Y 2522+ 2453 0%
Yo +28%3Y 25w oy 4365w kYo +6%3 2xwo+-Ax3Y 2wyt + 125y +3%31/2) /(124 (2%
Yo+3Y2) k(22 —wo+y2+3Y2xyc+1))) —20)/3)) 2+ (2% (32 xyc— 0 +2) % (31/2%
x2 —2*31/2*xc—i—Sl/Q*y%))/(lQ*(m%—xc—i-y%—k?)l/z*yc—l—1)))—1—2*((12*x%*y(;—|—4*
32522 —12x 20 yc — 453 2 x 20+ 125y + 125 3Y 25y 2+ 125y +3Y/2) /(125 (22, —
TotyE+3 2 xyc+1))) —yc) /3) = ((2%((3Y*# (zc+3Y 2xyc+1) x (xg+yg—1)) /(12%
(x%—xc+y%+31/2*yc+1)))+2*((12*x%*yc+4*3l/2*x%—12*xc*y0—4*31/2*x0+
1292+ 12532592 + 125y +3Y2) /(125 (22 — 20+ yE +3 2 xyc+1))) —ye) /3))? —
(2% ((3xxE 432522 xyc+6x32+ 3510 xy2 — 23 2x w00y — 125 w0+ 3 253+
1252+ 12532590 +12) /(125 (22 — 20+ 1y +3Y 25 yc+1))) — 1425 ((24* 28 *yc +
12*31/2*m30—24*x%*yc—12*31/2*x%+24*xc*yc—|—28*31/2*mc*y0+36*xc*yc—|—6*
32k o+ 453 25yl 125 yo+3%3Y2) [ (12% (2% yc+3Y2) x (22— xo+yd + 3 25 yc+
1)))—zc)/3)—((xo+2#(— (3% (2 +yg—1)*(yc —3"2xxc+3"2)) /(125 (2F —z o+
y%+31/2>|<yc—|—1)))+2>|<((3*1’%—#31/2*x%*yc+6*x%+3*xc*y%—2*31/2*x0*yc—12*
To+3Y 2y 412592+ 1243 2y +12) | (125 (22 — 0 +y2+3Y 25y +1)))—1) /3)) 2+
(((2%(((3Y2xyo—w+2) % (32522, 2*31/2*:cg+31/2*yc))/(12*(x%—xc+y%+31/2*
Yo+1)) 425 (12522 xyo+4%3Y 2522 — 125 w0 % yc — 453 250+ 125 Y2 + 125312
P 1250+ 3Y2) | (20— -+ 52rA B 2ot 1))~ [3)— (o-+2¢((3 2w+
3V 2xyc+ 1) (22 +yd —1))/(12% (22 — 2o+ Y2 +3 2 xyo+1))) + 2% (((3Y 2 5yc—zo+
2)% (312522, — 243V 2520+ 3Y2xy2)) | (124 (22 — w0+ Y2 +3Y2xyc+1)))) /3))?) =
and

(((2%((3xxf+3Y 2522 xyc+ 6522+ 3%z *y2 — 2% 3Y 25w 0w yc — 12520+ 3Y 2592, +
12592 +12%3Y 25y +12) /(125 (22— w0+ Y2+ 325y +1))) — 142 (24528 *yc +
12532523, — 24x 02 xyc — 12%3/ 2522, 4245 o * Y2, +28%3Y 25 w0 %y + 36 %0 % Yo+
6%3Y2x w0 +4%3Y 2xy2 +125%yc+3%32) /(125 (2% yc +32) x (22, —vc+y2 + 31/ % %
ot 1))~ 10)/3) — (L 25 (—(32e (2 4y 1) (e 312wt 31/2)) | (120 (%~
To+y2+32xyc+1))) 42 (24 x 2l xyo +12%3Y 2523, — 24512 xyo — 12431 2522, +
24*xc*yc+28*31/2*mc*yc+36*xc*y0+6*3l/2*x0+4*31/2*y%+12*y0+3*
3Y2)/(12% (2xyc +3Y2) % (22 — 2o+ Y + 32 xyc+1))) —2c) /3))2 + (2% (312
Yo—ro+2)* (32 x 22, 2*31/2*$c+31/2*y N/ (12 (22 — w0ty +3Y 2 xyc+1)))+
2*((12*33%*@;04—4*31/2*17 —12%zo*yc— 4*31/2*xc+12*y%+12*31/2*y%+12*
yo+3'72) /(12 (a3 —zo+ye+3"xyc+1))) —ye) /3) = (2% (3" (we +3' 2 xyo+
D (@2 +yd—1))/(12x (22 —zc+y2 + 32 xyc+1))) + 2 (12 %22 xyo + 4% 312
12— 12%x0xyc—4%3Y 2% 00+ 125y +12+3Y 2592 + 125y +3Y/2) /(124 (22 — 20+
Yot 3yt 1)) — o) 3 — (4 25 (—(3Y7 (a4 — 1) % (yo— 3250+
3Y2)) /(12 (22 — 2o+ Y2 +3 2 xyc+1))) + 2% (24523 xyo + 12+ 3Y 22, — 245 22
Yo —12%3Y 2522+ 24x 20 Y2 +28+3Y 25k w0k Y2 +36% v kYo +6 %3 2k 1o+ 4% 32 %
Y&+ 12xyc+3%312) [(12% (2xyo +32) % (23 —wc +y2 +3" 2 xyc +1))) —20)/3) -
(rot 2o (—(BV2 (12 42— 1) (g — 3w+ 3V2)) (125 (22— g + 312
yo+1)))+ 2% ((3*ad +3V 25 ad xyo+ 6515 + 35 w0 *y% — 253V 2% xo*yc — 12520+
325y +12xy2 + 1243 25y +12) /(124 (22 — 20 +y2 +3Y 25 yc+1))) —1)/3)) 2 +
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(2325 (20 +3 o+ 1) (124 —1)) (126 (5 — g+ g +3 a4 1)) 25
(12% 22 xyc+4%3Y 2522, —12x w0 % yc — 4% 3Y 2500+ 12592, + 12531 252+ 125y o +
3'2) /(12 (23 — oyt +3"xyc+1))) —ye) /3) = (Yo +25 (3" # (xo+3" 2 xyc +
(2 1)/ (125 (22— g 3 eyt 1))+ 2 (3 g o+ 2 (312
ot — 2% 3w wo + 32 y2)) /(12 % (22 — 2o + Y& + 3% x ye +1))))/3))%) = 0
Consider the circle whose diameter connects the centroid of G4G G and the
reflection of G about P, whose equation is given by
(z—((3Y2%((9xxc+9) % (8%2L — 115z +8) +yc* (3% 312+ (16523, — 6*$C+6*xc+
37) +yox (14dx2c+6%3Y2xyo* (Sx w0 +5)+171)))) /(162 % (2% yo + 31/2) x (v —
To+yox (Yo +3Y2)+1)) 42 (2% (2423 xyo+12%3 2528, — 24 %02y — 12%31/2%
23+ 24xw0*yp+28%3Y 2k w0 Y2+ 36k ok Yo+ 653V 2k w0+ 4% 3Y 2k yl + 125y +
3x3Y2)/(12% (2% yo +3Y2) % (22 —2c + Y2 + 32 xyc + 1)) —2¢ +1/2)/2) — (2c +
1)/3)/2)% 4+ (y—((3Y2x (zc* (2720 —27) +yo* (3%31/ 2% (822, — 8% +5) +yo* (24 *
3Y2xyc+63)))) /(162 (22 — 2o +yo* (Yo +3Y2)+1))+2x (2% (12522 xyo + 431/ 2
13 —12xx0*yc — 4% 3V 2 x 20+ 12593 +12% 3V 2592 +12xyc +3Y2) /(12 (22, — w0+
Y2 +32xyc+1))) —ye —3Y2/6)/2) —yc/3) /2)2 — (3125 (9% 2o +9) * (822, — 11%
To+8)+yox (3x3Y 2% (16522, — 6522 +6 %20 +37) +yox (144 %20+ 63 25 yo* (8%
v B)+ 1T /(1625 (25 +3Y2) (22— 0o+ (o -+ 312) 1) — (312 (9
To+9)*(8%1L —11x20+8) +yox (3x3Y2x (16518, — 6% 2% + 6% w0 +37) +yo* (144%
To+6x32xyc* (8xx0c+5)+171)))) /(162 (25 yc+3Y2) * (22 —xc+ye* (yo +3Y2) +
1) 425 (2% (242} %y +12%3Y 2523, — 24 %02k yo — 1253 2522, + 245 w0 % Y2, + 28 %
32 xzoxyd + 36510 xyc+6%3Y 2 kw0 +4x3Y 25yl + 125 yo+3%31/2) /(125 (2xyc +
312)x (23 —wo+yt+3 2 xyc+1))) —wo+1/2)/2) = (wc+1)/3)/2)° = (312 # (zc
(27x2c—27) +yc* (3%3Y2x (8% 22 —8xxc+5) +yo* (24%3Y2 %y +63)))) /(162
(2 —zc+yc* (Yo +3Y2)+1)) — (812 x (wo* (2T 20 —27) +yo * (3% 3/ 2% (8x 22, —
8xxc+5)+yox (2453 2xyc+63)))) /(162% (22 — 2o +yo* (Yo +3V2) +1)) +2% (2%
(12% 2% *+yo+4x3Y 2502, — 125 w0 *yc — 4% 32 %20 +12%y3 + 125325 g2 +12%
Yo 3V2) (12 (22 — e+ 4+ 3/ e+ 1)) — o — 32/6)/2) — o /3)[2)? =
We verify that the centroids of AB"C", BA"C", and C' A” B” lie on this circle since
we calculate

(2% ((3%23 43V 252k yo+6% 02+ 3xx 0% yd —2%3Y 25w oy — 12500 +3Y 2y S 412
Y2 +12x3 250 +12) /(12 (22 — w0 +y2+3 25 yc+1))) — 142 (24 %2 ¥y +12%
31/2*I3C—24*x%*yc—12*31/2*x%+24*xc*y%+28*31/2*xc*y%+36*xc*yc+6*31/2*
xc+4*31/2*y%+12*3/0—1—3*31/2)/(12*(2*y0+31/2)*(x%—xc—l—yé—i—?)lﬂ*yc—i—l)))—
10)/3—((3Y2% (9% +9)* (822 —11x20+8) +yo* (3x3Y/ 2% (16%23, — 6 %12 +-6% 2+
37)+yox (1445 x0+6%3Y 25 yox (8xx0+5)+171)))) /(162 (2% yo+3Y2) % (22, —zc+
Yor(Yo+3Y2)+1)) 25 (2% (24 kyc+1253Y 2523, — 24512 vy — 12531/ 2522, +24%
xc*yg+28*31/2*xo*y%—l—36*xo*yc+6*31/2*xc+4*31/2*y%+12*yc+3*31/2)/(12*
(2o +3V%) (o eyt 8V ey 1)) -2 1/2)/2) ~ (r+1)/3)/2)+ (25
((3Y%xyg —wc+2) % (312 %22 —2x3Y 2500+ 325 y2)) /(124 (22 — vc +y2 + 312 %
yo+1)))+ 2% (12x2% xyo+4%3Y 25202 — 125 w0 xyc — 4% 3Y 2,20+ 12512, +12*31/2
Y2 +12xyc+3Y2) /(124 (22 —zo+y2 +3Y 2 xyc+1))) —yo) /3— (31 2% (wox (27w 0 —
27)+yc* (3%3/ 2% (8% 22, —8x w0 +5) +yc* (24%3Y/ 25y +63)))) /(1624 (22 — 20 +yc *
(yo+3Y2)+1))+2+ (2% (12522 xyc+453Y 2522, — 125 w03 yc — 45 3Y 2% 20+ 125y +
1243128+ 124y +31/%) /(124 (2 —zo +y2+3'4yo +1))) —yo = 3/2/6)/2)
Y /3)/2)2—((3Y2x((9% 2o +9) % (8422 — 1 1kxc+8) +yo* (3x3Y/ 2 (1623, — 6522, +-6%
To+37)+yo* (1445 20+6%3Y 25y x (8% 10 +5)+171)))) /(162% (2% yc+3Y/2) % (22, —
oty (Yo+3Y2)+1)) = (312 ((9% 20 +9) * (8x2L — 11x2c+8) +yco* (3x31/ 2% (16 %
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T3, —6%124+6%10+37) +yo* (1445 150+6%3 2xyc* (8xx0+5)+171)))) /(1625 (2xy o+
32 k(22 —wotyox (Yyot+3Y2)+1)) 425 (2% (2452 xyo+12+3V 253, — 245202 5y —
12%3Y 2522+ 245w 0 y2,+28%3Y 25w 03 y2 +36x 10y +6%3Y 25 w0+ 4531 2wy +12%
yo+3%312) /(125 (2xyc +3'2)x (a2 —xc +y¢.+3 2 xyc +1))) —wo+1/2) /2) — (we+
1)/3)/2)%—((32%(zc* (2720 —27) +yo* (3%3'/ 2% (8% 22 —8%xc+5) +yo* (2431 %%
Yc+63)))) /(162 (22 —xc+yo* (yo+3Y2)+1)) = ((3Y 2% (o (2Txwc —27) +yo* (3%
3V 2% (8x1L —8%xc+5) +yo*(24%3Y 2%y +63)))) /(162 (22 —zc+yc* (yo +3Y2) +
1)) 425 (2% (12522 xyo+4%3 2522 — 125w o xyo— 453 2k 0+ 1253+ 12431 252+
12xyc+3'2) /(12 (23 —x0+y3+3"xyc +1))) —yo —3'2/6) /2) —yo /3) /2)* =

(1425 (= (32 (22 +y2 — 1) * (yc —3Y2x w0 +3Y2)) /(124 (2% — 20+ Y2+ 3 25 yo +
1)) 4+2% (24528 % yc+12%3Y 2523, — 24x 2 % yo — 1253 2524245 w0 y2, 428431/ 2
ToxyZ+36xxc*yc+6%3Y 2% w0 +4%3 2 xy2 +12%yo+3%312) /(124 (2% yc +31/2) %
(22 — w0 +yE+3Y2xyc+1))) —20) /3= ((3Y2 % (9% 20 +9) * (8% 2L — 11 20 +8) +
Yo* (3x3Y 2% (16 %28, — 6522 +6% 10+ 37) +yc* (144520 +6% 3V 2xyox (8% +5) +
171)))) /(1625 (25 3/2) (52— 0y (-t 3Y2) 4 1)) + 25 (25 (2 i+
12532523, — 24x 02 xyc — 12%3/ 2522, 4245 o * Y2, +28%3Y 2k w0 x Y2+ 36 %10 % Yo+
6%3Y2x w0 +4%3Y 25y + 125 yc+3%32) (125 (2% yc +3Y2) x (22, — vc+y2 +31/% %
ye+1))—xc+1/2)/2)— (wc+1)/3)/2)°+((2+((3" (20 +3'xyc+1)x (23 +y¢. —

1))/ (12% (2% —2c+y2+3Y2xyc+1))) +2+ (12502 xyo +4%3Y 222, — 125 w0 kYo — 4%
3V 2xxo+12%y2 + 1243 252+ 12xyc +3Y2) /(125 (22 — w0 +y2 +3 25 yo+1))) —
ye)/3—((3Y2x (zo* (27w —27) +yc* (35312 % (8% 2% —8%wc+5) +yo * (24312 %
Yo +63))))/ (162 (22 — 20 +yo* (yo+3Y2)+1))+25 (2% (12x 22 *yo+4%3/ 2502, —
112/>;xc*yc—4i31/2_*x82—|—12*y%+12*31/2>12<y%+}/22*340—0—31/2)/(12*(:1:202—$c—|—y%—|—
3V %xyc+1)))—yc—32/6)/2)—yc/3)/2)° — (32 % ((9%xc+9) * (8*xag — 11xxc+
8)+ycx (3%3Y2x (16 %22, — 6% 22 + 6510 +37) +yo* (144520 +6 %3 2xyc* (8xxc+
5)+171))))/ (162 (2xyc +3Y2)* (22 —zo+yo* (yo +3Y2)+1)) — (312 (9% zc +
9)* (8% 22 — 11520 +8) +yo* (3%3Y/2% (16% 2, — 6x2% +6%10+37) +yo* (144530 +
6%32xyox (8xxc+5)+171))))/(162% (2% yc +3Y2) % (2% — w0 +yo * (yo +3Y2) +
1) 425 (2% (2452} % yo+12x3Y 2523, — 24 x 02w yo — 12x3Y 2522, + 24 v w0 % Y2, + 28 %
3V 2%z 0xyd +36*xc*yc+6*31/2*.:1:0+4*31/2*y%+12*yc—|—3*31/2)/(12*(2*y0+
32) 6 (2 0+ 3 g+ 1)) -+ 1/2)/2)— (et 1)/3)/2)° — (3% (xe
(27x2c—27) +yc * (3%3Y2x (8% 22 —8x 20 +5) +yo* (24%3Y2xy5+63)))) /(162
(22 — w0 +yc* (Yo +3Y2) +1)) — (312 % (xo* (2730 —27) +yo * (3% 3V 2 % (8% 22, —
8xxc+5)+yo*(24%3/2xyc+63)))) /(162% (22 —zc+yo * (Yo +3Y2) +1)) +2% (2%
(12522 %y +4x3Y2 %22 — 125 w0 *yo — 4% 3V 2 xxo + 125y + 125312 %92, + 12 %
ye+32) /(12 (2 —wc +y2 + 32 xyc +1))) —ye —3'2/6)/2) —yc/3)/2)* =

and

(re+2%(— (32 (22 4+y2 — 1) * (yo —3Y2xxc+3Y2)) /(125 (22 — w0+ Y2 +3Y 25 yc+
D)) +2%((3%xd+3Y 2522 xyc+ 6522+ 3% w0 *yd — 243 2 s 00 %yo — 12520 +3Y2 %
Y 12y 123 2 4 12) /(125 (22— ey B g+ 1)) — 1) /3 (3124
(9%2c+9)* (8% 22 — 11520 +8) +yc* (3%3Y2x (16 %2, —6x22 +6%x20+37) +yc *
(144530 +6%3Y2xyox (8xxc+5)+171)))) /(162% (2% yc+3Y2) x (22 — v +yo* (yo +
31/2)+1))+2*((2*((24*xg*yc+12*31/2*x — 24532 xyc—12%3Y 2502+ 24x 20 %
Y2 +28%3Y2x w0k +36% w0 xyo +6%3Y 2k w0 +4x3Y 25y + 12xyo +3%31/2) /(124
(2%yc+3"2)x (28 —xo+yt+3" 2 xyc+1))) —we+1/2)/2) = (2c+1)/3) /2)*+((yo+
2% ((3Y2x (xo+3Y 2 xyc+1)* (22 +92—1)) /(12% (2% — o +y2 +3Y2xyc+1))) +2x
((3Y2xyc— w0 +2) % (3Y/2x22 — 2% 3Y 2520 +3Y2xy2)) /(125 (22, — v +y2 + 32 %
yo+1))))/3—((3Y2x (zo* (2710 —27) +yo* (3%3Y2% (8522, —8x 10 +5) +yo * (24%
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3Y2xyc+63))))/(162% (22 —zo+yo* (yo+3Y2)+1))+2% (2% (125 22y +4% 31/ 2
12 —12x20*yc — 4% 3 2 x 20+ 12593, 1232 %92 +12xyc +3Y2) /(12 (22, — w0+
Yot 3V e 1) — o —3Y216)12) —yo /32— (325 (95309 (S~ 11
To+8)+yo* (3x3Y2% (16 %2, — 6422+ 6% 10 +37) +yc* (1445 10+ 653 25 yo* (8%
Te+5) 4 171))))/ (1625 g+ 372) (12 — 0+ o (e +372)+1)) — (312 (9
To+9)*(8%13 —11x20+8) +yo* (3%x3Y2x (16512, — 6% 22+ 6% w0 +37) +yo* (144%
To+6x3Y2xyc* (8xxc+5)+171)))) /(162 (25 yc+3Y2) % (22 —zc+ye* (yo+3Y2) +
1)) +2% (2% (2438 % yc+12%3Y 2523, — 24x 22 v yo — 1243V 2502+ 245 w0+ Y2, +28
32 xz0xyd +36*xc>|<yc+6*31/2*$c+4*31/2*y%+12*y0+3*31/2)/(12*(2*y0+
312) % (28 —we+yt+3xyc +1))) —we+1/2)/2) — (wc+1)/3)/2) = (3" * (20 *
(27x2c—27) +yc * (3%3Y2x (8% 22 —8x 20 +5) +yo* (24%3Y2xy5+63)))) /(162 *
(22 — w0 +yc* (Yo +3Y2) +1)) — ((3Y%% (zo* (2710 —27) +yo * (3% 31/ 2 % (8% 22, —
8*xc+5)+yc* (24532 xy0 +63))))/(162% (12, — xc +yo * (yo +3Y2) +1)) + 2%
(2% (12522 xyo +4% 32522, — 125 mo*yo — 4+ 3200 +12x 3, + 124312592, +
12%yo+3"%) /(12 (0 —xc+ye +3'2xyc+1))) —ye —3'2/6) /2) —yc /3)/2)* =

as desired. EI

(32 % (9% zc+9) % (8% 22 — 11 %20 +8) +yo* (332 % (1622, — 6% 22, +6 %
To+37) tyo* (144 %10+ 65325 yo* (8x 10 +5) +171)))) /(162 % (2% yo + 31/2) *
(22 — 20 +yo* (Yo + 3V + 1)) + 2% (2% (24 * 28 *yo + 1232 % 23, — 24 % 22 %
Yo — 1232522 + 24 xxo* Y2 4+ 28 %3V 2 s wox y2 + 36 % w0 yo + 6% 3V 2k wo 4%
32592 +12%yc +3%3Y2) /(12% (2% yo +3Y2) % (22 — 20 + 92 + 32 5% yo +1))) —
ro+1/2)/2) = (xc+1)/3)/2, (32 % (xc * (2T x xc — 27) +yo * (3% 32 % (8% 22, —
8+ 10 +5) +yc* (24%3Y2xyc+63)))) /(162 % (22 — v +yo * (yo +3Y2) +1)) +2 %
(2 ((12% 2L xyo +4%3Y2 %02 — 12x 20 xyc — 4% 3220+ 125y + 125312 %
ye+12xyc+3"2) /(12 (2 —zo+yd +3"2xyc+1))) —yo —3Y2/6)/2) —yc /3) /2).
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FIGURE 1. Illustration.
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