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1. INTRODUCTION

We demonstrate the validity of the claim made in Euclid #8476.

2. RESULTS

Theorem 2.1. Let ABC' be a triangle with points P and @) in the plane.

Let A’B'C" be the pedal triangle of P.

Let G, be the centroid of QB'C".

Define Gy and G, cyclically.

Let Ay, be the orthogonal projection of G, on line AC'.

Define A., By, B., Cy, and Cy, cyclically.

Then,

1. The centroids of AB,C,, BACy, and CA.B. are orthologic with ABC' (in
particular let R be the orthology center corresponding to the lines orthogonal to
the sides of ABC), and

2. The circumcircle of the centroids of AB,C,, BAyCy, and C A.B, is identical to
the circle whose diameter connects R and the centroid of ABC.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1,0).

C' has coordinates (z¢, yo).
P has coordinates (xp, yp).
() has coordinates (zg, yg)-
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A’ has coordinates

((ye * ((we = 1) xyp +yc) + (xc = 1)? x 2p) /(¢ + (vc = 1)), (ye * (Yo * yp +
(v0 — 1) * 2p — wc + 1))/ (4 + (20 — 1)%).

B’ has coordinates

(v * (e + o + o * yp)) /(5 + 42), (v * (wc + 2p + yo * yp)) /(@ + 1),

C" has coordinates (zp,0).

G, has coordinates

((zq + (wc * (xc * xp +yo * yp)) /(2 + y&) + xp) /3, (Yo + (Yo * (vc * xp + yo *
up))/ (@ + 12))/3).

(G has coordinates

(20 + (ye * (e — 1) ¥yp +40) + (20 — 1 %29) (4 + (0 — 1)°) + 253, (4 +
(o * (9o * yp + (zc — 1) £ 2p — 5 + 1)/ (4 + (z0 — 12))/3).

G, has coordinates

((zq + (yo * ((xc = 1) *yp +yc) + (xo — 1)? *2p) /(Y& + (v — 1)?) + (20 * (20 *
zp+yc*yp))/ (@t +y2))/3: (Yo + (Yo * (yo xyp + (o — 1) xxp — 30 + 1)) /(& +
(e —1)*) + (yo * (xo * xp +yo * yp)) /(28 + y2))/3)-

Ay has coordinates

(2% a2 xxp+at xxg+xc*yo*yp +xc * Yo * yg)/ (3 * (22 + y2)), (yc * (2 *
xo*xp + ok T + Yo ¥ yp + Yo * yq))/ (3 * (¢ + y2)))-

A, has coordinates

((xqg + (zo * (xo * xp +yo *yp)) /(v + y&) +2p)/3,0).

B, has coordinates

((ye * (e = 1) * (yo + yp) + 3* yo) + (zc — 1)? x 2 + 2% (zc — 1)* * 2p) /(3 *
(W2 + (ze = 1)*)), (yo * (yo * (yg +yp) + (xc — 1) x 3 + 2% (wc — 1) x2p — 3%
zc +3))/(3% (Y& + (zc — 1)%))).

B, has coordinates

((zq + (ye * ((zc — 1) *yp + yo) + (zc — 1)? x2p) /(y¢ + (zc — 1)%) + 2p)/3,0).
C, has coordinates

((xe =D *yex (v +22)xyg+ (xc— 1) *yc* (2xy2 +xo*x (2% xc — 1)) xyp+ 3%yt +
(zc—1)*szg+ (xc —1)*x (2xxc — 1) xaxp+3x22) *y2 + (xc — 1)* * 2% *x 1o+ 2 %
(v — 1) )/ (35 (42 + (v — 12) (42 +32), (e * (v (4 4y + % +ig +
Q*yg*yp+2*x2c*yp—:cc*yp—i—xc*xQ*yc—:cQ*yc+2*x0*xp*yc—a:p*yg—3*
roxyo+3xyc)+ (xo—1)*xxi* (xo+2xxp—3))) /(3% (y&+ (xc—1)?)* (y& +22))).
C} has coordinates

(xo*(yor (Y& +(re—1)")*yo+(2xye+(zc—1)* (2xr0— 1))*?JP+(J7C*17Q+2*$C*
rp—rpt1)*yc)+(ve—1)**v0* (19 +25x2p))) /(3% (Yo + (v —1)*)x(y& +at)), (yo*
(yox (Ya+ (ze—1)?)xyg+ 2xy2 + (xe — 1) * (220 — 1)) xyp + (xo* T + 2% 0 *
rp—xp+1)kyc)+ (e —1)**zo*(xg+2%xp))) /(3% (v +(xc—1)%)* (y2 +22))).
The centroid of ABC has coordinates ((z¢c + 1)/3,yc/3).

The centroid of AB,C, has coordinates

(e ((zo— 1) (gt up) + 35yc) + (w0 — 1Pt 2 (zo— 1) p) (3 (-t (20—
1)2))+((xc—1)*yc*(y%+xc)*yQ—|—(mC 1)*yc*(2*yc+xc*(2*x0 1))*yp—|—3*
yc—i—((xc 2xzg+(xo—1)*(2xxc—1)xxp+3%28) xy2 4 (vc — 1)**xd x w0+ 2%
(zc—1)*xaxap)/(3*(ye+(zc—1)?)*(y2+22))) /3, (Yo * (yo* (yo +yr) +(zc —
Dsxg+2x(xc—1)xxp—3%xxc+3))/(Bx(v&+(xc—1)%)) + (yo* (yo* (ya *yo +ad*
Yo+ 2%YExyp+ 2% L kY p—To*Yp+TOXTQFYo —TQ*Yo +2XTo* T p*Yo—T p*Yc — 3k
voxyc+3syc)+ (o —1)xatx(vq+2xxp—3)))/ (3 (y¢ +(xc—1)*)* (Y& +2¢)))/3)-
The centroid of BA,C} has coordinates

(L4 2*at *zp+at * 2+ 20 * Yo *yp +Tc * Yo * yq) /(3 * (28 + y¢)) + (zc *
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(yox (Ya + (e — 1)) xyg+ 2*y2 + (xe — 1) x 2% 20 — 1)) *yp + (xo * 2 + 2 *
zoxxp—ap+1)ryc)+(zc—1)?*xxc* (g +2xxp))) /(3% (Y& + (e —1)%) * (y&. +
22:)))/3, ((yo * (2% xc*xptaoxrQ+yc yp+yc*yq))/ (3% (xt +y&)) + (Yo * (yo
(2 +(xe—1)H)*xyo+ 2xyi+ (xc—1)*(2xxc— 1)) *yp+ (zo*xQ + 2% TO* TP —
2o+ 1)) + (10— 1P s ek (ag+252p))) /(35 (4 + (30— 1)) # (4 +22)))/3).
The centroid of C'A.B, has coordinates

((zc + (v + (zc * (zc * zp + yo * yp)) /(28 + y&) + p) [3 + (xq + (Yo * ((zc —
1) xyp +yc) + (xc — 1) *2p) /(Y2 + (xc — 1)*) + 2p)/3)/3,yc/3).

The line passing through the centroid of C'A.B. which is orthogonal to line AB
is given by the equation

z = (vc+(2q+ (xo* (xc * 2P +yc *yp))/(xE +y&) +2p) [3+ (vg + (Yo * ((x0 —
1) xyp+yc) + (xc — 1) xzp) /(Y2 + (xc — 1)%) + zp)/3)/3.

The line passing through the centroid of BA,Cj which is orthogonal to line AC'is
given by the equation

y = ((yo* (2racxrptacxzo+ycypr+yc*yq))/ (3 (xt+ye))+ (yo* (yex((y2 +
(xc—1)?)*yg+ (2% Y2+ (v —1)*(2xx0—1))*yp+ (To*x0+2%T0*Tp—Tp+1) %
g+ (wo— 12w (wq-+25wp)) /(34 (3 + (0 — 1)2)+ (v +22))) 3+ (o — (1+ (2
ag*rp+atrrgtaoxyexyp+rorycxyq)/ (3% (aE+yE)) +(wox (yox ((ye + (e —
1) xyg+ (2xy2+ (xo—1)x(2xxc— 1)) *yp+ (zo*xg+2xx0*xp—2p+1)*Yyc)+
(w0 — 1)+ (ng + 25 2p)))/ (3% (5. + (i — 1)) # (% + 72)))/3)) * (20) (4
The line passing through the centroid of AB,C, which is orthogonal to line BC'
is given by the equation

y = ((yo*(yo*x(yo+yp)+(xc—1)xx9+2% (xc — 1) xxp— 3% 20 +3)) /(3% (y& +
(e = 1)%)) + (ye = (yo * (Y¢ * yq + 18 * Yo + 2 Y2 *yp + 2% a8 * yp — xc * yp +
xc*l’Q*yC—J}Q*yc—l—2*l’c*l’p*yc—l’13*yc—3*$C*yc—|—3*yc)—|—(l‘c—1)*
vt x (vq+2+xp —3))) /(3 (Y& + (zc — 1)%) * (Y& + 22))) /3 + (z — (((ye * ((zc —
D (yo+yp)+3xyc) + (vo = 1)* sz + 2% (x0 = 1)?x2p) /(3 * (y& + (vo —1)%)) +
(ze — 1) xyox (2 +22) *yo+ (e — 1) *yo * (2% Y2 + xo* (2xx0 — 1)) *yp + 3 %
vo+ (ze =1 *xg+ (xc— 1) * (2% xc — 1) xxp+ 3x22) xy2 + (vc — 1)? * 22 *
vq+2x (wc — 1) g+ xp) /(3% (Y + (wc — 1)%) * (¥ +22)))/3)) * (1 — zc) [yc
Consider the point R whose coordinates are given by

(e + (xq + (vc* (xo*xap+yc +yp))/ (2 +y&) + 2p) /3 + (xq + (yo * ((xc — 1)
yp+yc) +(xc —1)?xxp)/ (vt + (wc —1)*) + xp)/3) /3, (2% yo * (Y& + (zc — 1)%) *
(Y& +a8) %Yo +yo* (Yo * (3xye +2x (2xa¢ — 2xx0+ 1)) + (20 — 1)**28) *yp + (2%
ro—1)xxp—3*x1i+2xxc+1)xyb+ (xc— 1) *xo* ((2%x0 — 1) x2p — 6% 2% + 5%
To—3)*yp —3xal+9xag —9xx+3%23) /(9% Yo * (Yo +(zo —1)%) * (Y2 +22)))-
R trivially lies on the first line, and we show that R lies also on the second and
third lines since we calculate

((yo* 2xzoxap+roxrgtyc*yr +yoxyq))/(3* (xg +y2)) + (yo* (yo = (y& +
(e —1)*) xyg+ 2*xy2 + (xc—1)* (2xxc — 1)) xyp+ (roc* 20+ 2% X0 * TP — TP+
D) 4ye) + (e — 1) ke + (2q + 22p))/(3+ (g2 + (30— 1)%) (52 +22)))/3+ ((wo+
(zo+(zo*(zexxp+yc*yp))/ (2t +y2)+xp)/3+ (xo+ (yox ((xc — 1) *xyp+yc) +
(vc— 1) ap) (g8t (v — 1)2) 4 2p)/3)/3— (1 + (%22 sp+ a2+ 2 + 20y
yptac*yoxyq) /(3 (2t +ye))+ (@e* (Yo ((ye+(xe —1)%) xyqo + (2+y¢ + (xc —
Dx(2xzc—1))xyp+ (xe*xxg+2*%xcxxp—xp+1)xyc)+ (xc —1)*xxo* (g +
2ep))/ (3 (v + (e — 1) (2 +32)))/3)) + (—20)/ (ye) — (2% (v + (e —
1)?)x (y¢+a2) *yq +yo* (ye+ 3yt +2# (252 —2xxc+ 1)) + (20 — 1)**2¢) *yp+
(2xxc—1)xxp—3*xi+2xx0+1)xyt+(rc—1)*xo* ((2%20—1) %2 p — 6% % +5*
ro—3) kgt — Bkl +9xah—Orzh +3xad) /Dy (2 + (o — 1)) % +a2))) = 0



290 A CIRCLE RELATED TO CERTAIN PROJECTIONS INVOLVING THE PEDAL TRIANGLE

and
(yox(yox(yo+yp)+ (e —1) xxg9+2% (xc — 1) xxp —3x2c+3)) /(3% (& + (xc —
1))+ (yo* (yox (vE*yg+ a2 xyg+25xy2*yp+ 2515 xyp —To*Yp+To*To* Yo —To*
Yo+2%ToxTpkyc—Tpryc—3kToxyo+3xyc)+(xe—1)xxtx(xo+2xxp—3))) /(3%
(v + (w0 — 1Y) (42 52))) 3+ (w0t (gt (we (0 ¥p+ e s yp) (5 42) +
2p) 3+ (vq+(yox (v —1)*yp+yo)+(xo—1)*xxp) /(Y2 +(vc—1)*) +2p)/3) /3~
((yex((ze—1)*(yo+yr)+3*xyc)+(zc—1)* 420 +2%(xc—1)**2p) /(3% (Y2 +(zc—
1)2))+((xc—1)*yc*(yg+xc)*yQ—|—(xc 1) xyc*(2xy2+xo*x (25 x0— 1))*yp—|—3*
yC—l—((xc 1)?s2g+ (xo—1)*(2%xc—1)xxp+3x22) xyz+ (xo— 1) * % ik xg+ 2%
(01 wrbocrp) | (35(y-+(ro— 1)) s (2-+02)) /)= (1—r0) fyo—(Cper 2+
(xc—1)H)x (v +a22)xyo+yo* (Yo (3xyd +2x (2% 22 —2xxc+1))+ (xc—1)? *xc)
yp+((2%xc—1)*xp—3%xi+ 2% w0+ 1)yt + (v —1)*xo* ((2%r0 — 1) * 2 p — 6% 1%+
S0~ 3) Ky~ 340 9418w 3538 /(e (20— 1))+ (1B -+2))) = 0
which demonstrates that the triangle formed by the centroids of AB,C,, BA,Cy,
and C'A.B, are orthologic with ABC'.

Next, consider the circle whose diameter connects R and the centroid of ABC),
with equation given by

(2= ((zc+1)/3+ (wc + (vg+ (wo * (xe*xp +yc *xyp)) /(38 +y¢) +p) [3+ (1o +
(yo* (e = 1) *yp+yo) +(xc — 1) *2p) (vt + (e = 1)%) +2p) /3)/3)/2)* + (y —
(ye /3 1+ (2xye* (ye + (o —1)%) * (e +26) #yq +yo * (e + (Bxye + 24 (2xr — 2
ro+1))+(zc—1)? *a:c)*yp+((2*asc Dkxp—3*%xi+2%xc+1)*xys+(xo—1)*
rox((2xw0— 1)*:Up 6*x0+5*xc 3)xyd — 3kl 4+ 9% xd — 9kt +3x1d) /(9%
yox (Y& +(xe—1)*) * (g +12))) /2)* = (wc+1) /3= ((xo+1) /3+ (2o + (2o + (zc *
(vexxptyc*yp))/ (28 +ye)+ap)/3+ v+ (Yo * (xo—1)*yp+yc) +(vc—1)*
xp) /(Y +(xo —1)*) +2p)/3)/3)/2)? = (yo /3 — (Yo 3+ 2xyc * (y& + (vo —1)%)
(Y2 +25) xyo+yo* (Y2 (3xy2 +2x (2xx% —2xxc+1)) 4+ (xc — 1)? %2 ) xyp + ((2%
ro—1)*xp—3x2%+2xx0+1)xyb+(vc—1)*xo* ((2%x0—1)*0p — 6% 2% + 5% 10—
3)#y =3x8+ 9% wg —Ixa b +3x28) [ (Vxyox (Yo + (2o —1)%) * (e +22))) /2) =
We verify that the centroids of AB,C,, BA,C), and CA.B. lie on this circle since
we calculate

(((ye* (v = 1) * (yo +yp) +3*xyc) + (vc —1)? x2g + 2% (vc — 1)**2p) /(3% (v +
(l‘c—1)2))+((5Uc—1)*90*(yé+x2c)*yqz+($c—1)*yc*(2*y%+9cc*(2*fﬁc—1))*
yp—|—3*yc—|—((xc 1)?sxg+(zo—1)*(2%xc—1)*xp+3% 22 ) *yd +(vc—1)? 2l *
ro+2x(xc—1)*xxi*xxp) /(3% (Y& +(xc—1))) x(vE+22)))/3— ((xc+1)/3+ (xzc+
(v +(@c*(voxzp+ycxyp))/ (@t +ye)+ap)/3+ (v + (yox ((xc—1) *yp+yc) +
(o —1)%*2p)/(ye+(xc—1)*)+2p)/3)/3)/2)* +(((ye * (yox (yo +yp) +(vc— 1) *
ro+2%(xc—1)xxp—3%xc+3))/(B3* (V2 + (xc— 1))+ (yo * (yo * (y& *yo + x4 *
Yo+ 2% gk yp+ 2% TEkYp — To*Yp +To*TQ* Yo —TQ* Yo + 2% T * Tp* Yo — Tp*
yo—3*xco*xyc+3*yc)+(xe—1)xxix(xg+2%xxp—3)))/(3* (v +(xc—1)*)* (y& +
18))) /3= (Yo /3+ (2% yo* (Y2 + (2o — 1)) * (y& +38) ¥ Yo + Yo * (Y& + (3xyg +2x (2%
12 —2%x0+1))+(vc—1)?*x2L)xyp+ (2520 —1)*2p— 3*xc+2*xc+1)*yc+(xc—
Dszo*((2xxe—1)xxp—6% 1% +5xx0—3) *y2 — 3% 28 + 9% 2%, — 9xxd, + 3% 22, ) /(9%
yox (Yo +(re—1)°) x (Y2 +22)))/2)* = (wc+1) /3= ((vc+1)/3+ (xc + (vg+ (20 *
(ve*xzptycxyp))/(28+ye) +xp)/3+ (v + (yox (o — 1) *yp+yc) + (zc—1)**
zp) /(Y +(vc—1)%) +2p)/3)/3)/2)* = (Yo /3 — (Yo /3 + 2% yo * (y& + (vc — 1)) *
(Y& +20) %y +yo* (Yo (3xy + 2% (2xag —2xac+ 1))t (ze — 1)+ ag) xyp + (24
ro—1)xxp—3xxi+2%xc+1)xyt+(vo—1)*xo*((2xx0—1)* 0P — 6*:vc+5*a:(;—
3)xyg —3xag+9xal —9x 20 +3%13) [ (Ixyox (Yo + (o —1)%) x (Y2 +22.))) /2)* =
((1—|—(2*wQC*:L'p—i—xQC*wQ—i-xC*yC*yp—l—xc*yc*yQ)/(3*(a%—l—yc))—i-(xc*(yc*((yc+
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(xc— ))*yQ—i—(Q*y%—i—(xC—1)*(2*xc—1))*yp—i—(xc*xQ—i—Z*xc*xp—xp—i—l)*yc)—i—
(ro—1)*szcx(rg+2%2p)))/ (3% (vo+(x0—1)*)* (Yo +22))) /3~ ((zc+1) /3+(zc+
($Q~|—(atc>|<(xc*xp+yc*yp))/(x%+y%)+:vp)/3+(xQ+(yC*((xc—1)*yp+yo)+
(ro—1)**xp)/(yet+(xo—1)*)+2p)/3)/3)/2)*+(((yo*(2xxc*r ptao*ro+yoryp+
yoxyq))/ (3 (28 +y2)) +(yox (yox (v +(xe—1)) xyo+ 2yt +(zo—1)* (2xx0 —
) xyp+(zoxzg+2xxoxrp—xp+1)xyc)+(xe—1)**xo*(xo+2xxp))) /(3% (v +
(ro—1))*(ye+122))) /3= (Yo /3+ (2xyo* (y2+(vo—1)%) * (Y& +2) *yq +yo * (Y *
(Bxyd+2%(2xx2 —2xxc+1))+ (o —1) 252 ) xyp+((2xxc— 1) xxp— 3% 2L+ 2520+
Dxys+(re—1)xxo*x((25xc—1)*2p—6% 2L +5%10—3) %y — 3% 28+ 9% 2%, —9x 2} +
3x2¢) [/ (9xyc* (Yo + (v —1)*) * (& +2))) /2)* — (e +1) /3= ((xc+1) 3+ (vc +
(v +(ze*(xoxrptyoxyp))/ (28 +ye) +ap)/3+ (2o + (yox ((xo—1)*yp+yc) +
(ro—1)%*xp)/(y2+(vc—1)%)+2p)/3)/3)/2)* = (yo /3~ (yc 3+ (2% yc* (ye+(zc—
1)?)*(yE+22) xyo+yox(yax(3xy2+2% (2xat —2xxc+1))+(xo—1)**xd ) *yp+((2%
ro—1)xxp—3x2%+2xxc+1)xyd+(vo—1)*xo* (2520 —1)*2p— 6% 2L +5% 10—
3)xyd —3xxl+9xxd —9xxh+3x28) [ (Ixycx (vi+(xc—1)?)*(yi+12)))/2)* =
and

(zo+(zg+ (zox(xexxp+yoxyp)) /(x4 +yé)+ap)/3+ (xg+ (yox ((xc—1)xyp+
yo)+(@e—1)%xzp)/(ye+(zc—1)*)+ap)/3)/3—((xc+1)/3+(xc+(xo+(zo* (o *
et yeyp)) ) (et g8) ) 3+ (g (yo((vo— L) wyptyo) + (zo— 1 s2p) (2t
(v 1) +10),/3)/3) /27 (3 /3 (o 3+ (2eyers (et (1)) (et 225y +
yox (Y2 * (3xyd+2x (2% 22 —2xx0+1))+ (v —1) 2522 ) *yp+ (2% 20— 1) %2 p— 3% 2%+
2xxo+1)xys+(vo—1)xxo*((2%x0—1) %2 p— 6% 2% +5x 10 —3)*y2 — 3% 2+ 9% 2, —
Dxzb 432, (5o (g +(ro— 1) (42 a2))) /2 —((2o-+1) 3~ (0 +1)/3+
(zo+ (zg+ (zo*(xexzp+ycxyp))/ (22 +yE)+ap)/3+ (xg+ (yox (e —1) xyp+
yo)+(wo—1)*x2p)/(ye+(xc—1)%)+ap)/3)/3)/2)* = (yc /3~ (yo /3+(2*yo* (& +
(xo—1)2)x(v2+aL)*yo+ycox(yi*(3xyd+2x(2xxt —2xx041))+(20—1) 252 ) *yp+
(2%xc—1)*xp—3%22+2%x0+1)*yl+(ro—1)*10*((2% 00— 1) * 0 p— 6% T L+ 5300 —
)i Bl 5 9l + 3w )| (9o (-t (e — 1)) (s +22)))/2)° =
as desired. O
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