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1. INTRODUCTION

We give a proof of the statement made in Euclid #8404.

2. RESULTS

Theorem 2.1. Let ABC be a triangle and A'B'C" the medial triangle.

Let N be the nine point center of ABC.

Let Ay be the reflection of A about line A'C".

Define A., B,, B., C,, and Cy, cyclically.

Let H, be the orthocenter of A'B.C,.

Define Hy, and H,. cyclically.

Then circles ANH,, BNH,, and CNH,. are coaxal and their radical line is the
Euler line of ABC.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).

B has coordinates (1,0).

C' has coordinates (z¢, yc).

A’ has coordinates ((z¢ +1)/2,yc/2).

B’ has coordinates (z¢/2,yc/2).

(" has coordinates (1/2,0).

N has coordinates (z¢/2 + 1/4, (—z% +zc +y2) /(4 * yo)).
Ay has coordinates

(2 (52,2 % (2 + 52))), 2 % (— (w0 % 40) /(2 (a2 + 32)))
A, has coordinates (0, yc).
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B, has coordinates

2 ((2x2% —dxxc+y2+2)/2*(z2 —2xxc+yi+ 1)) — 1,2 % ((yo * (v —
D)/(2% (x5 — 2520 + 3+ 1)),

B, has coordinates (1, y¢).

C', has coordinates

(2% ((2%x} —d*xai +2xzoxy2 +2xx0 —y2) /(2% (22 — 2% xoc +y& + 1)) —
ro 2% (g * (2% 56— 35 w0+ 2 4+ 1)/(2 % (e — 25 20 + 4 + 1)) — 10).
C} has coordinates

(2# (2% 28 + 2% 20 * Y& +y2) /(2% (32 + ¥8))) — 30, 2% (Yo * (2% 2 — 20+ 2%
V)2 % (5 + 42)) — ).

H, has coordinates ((z3, + zc * y2 + 2% y2)/(2 % (2% + y2)), (x4 + 2 + 22 *
Yo — To* Yo + 2xyg) /(2% yo * (2 + y2)))-

H,, has coordinates (—(—x + 2% —zo*y2 + 2o +y2 —1)/(2% (22 — 2% 20+ y2 +
1)), (—xg+3xxd+aixyz —3*xxt —xoxyd+re+2xys) [ (2xyox (22 —2xxc+y2+1))).
H_ has coordinates

(08 =25 26 + 2% e Y& + 6 — 2% 23 % y§ + o+ Yo — vo * Y +ye) (w6 +
2 2 2 T2 2 4 3 2 .79 5
ye) * (xg —2xxc+yi+ 1)), (—28 +xo +yo) * (x5 — 2% xh + 2% 2 % Yo + x4
2% 20 * Yo +yb — Y& )/ (2x yo * (af + y2) * (2% — 2 % 20 + Y2 +1))).

Circle ANH, is given by the equation

(2—(—2*yS— (xc+1)* (B30 —2)*xys — (v — 1)*x0*(4*xc+3)*yc+xc—3*
rh+3xxh — k) /(8*xroxyd x (vE+ 25— 1))+ (y— ((v& ((5*xc+2)>kyc+2*
rh—2%x2i+xc+2)— (xo—1)?*2i*x(3xxc+ ))/(S*xc*yc*(yc—i—xc—l)))) —
(= 2%y — (zc+1)* (3xxc —2) *yt — (2¢ )*xc*(4*xc+3)*yc+xc 3 %
x%+3*;1:4c—x%)/(S*xC*y%*(y%—l—x%—1)))) — (& * ((5xxe+2) Yyt +2%x, —
Q*IQC—i—xc—i-Q)—(x(;—l)z*x%*(3*x0+2))/(8*xc*yc*(y%+x20—1))))2 = 0.
Circle BN H,, is given by the equation
($6—(—(2§yg—(3;‘<$%—§$0—6)*yé—($C2—1)*2I0*(2*$C—3)*(2*2$0+3>*y%2+
ro—3xxp+3*xxe —xp) /(8% (ve — 1) xye * (Yo + (w0 — 2) xx0))))* + (y — ((y& *
(bxazo—T) %yl +2%xd —4dxaxi +3%xxc—3) — (v¢ — 1) x 25 * (3xxc —5)) /(8%
(iﬂc—1)*Z/c*(y%Jr(iEc—?)*?SC))))z—(1—(—(Q*yg—(3*9320+93c—6)*yé—
(e —1)xxe* (2%xc—3)* (2% xc+3) % yd + 2l — 3% 2l + 3% 2t — :UC)/(S*(xC—
Dy * (Y& + (e —2) % 20))))? = (e ((5*xe —=T) % yg +2x a0, —dx 2, +3% w0 —
3) = (zoc—1)**% 22 % (3xxc—5)) /(8% (xc — 1) xyo * (y2 + (xc — 2) x 2¢))))? = 0.
Circle CNH, is given by the equation

(x—(—(BxyS — (11 %22 —3xxc—T7)*ys — (vc— 1) *xo* (15%x 2L — Txxc—3)* Y% —
w4 3% g —3xxh+a) /(8% (2xxe — 1) * g * (yc+(fcc—1)*$0))))2+(’y (Y&
(Bxy2+2x2% —2xxc+1) — (e —1)2x28) /(dxyc* (vi+ (xc—1)*20))))? — (vc —
(—(B*yd — (1l xx2 —3%xc—T)*xys — (v¢ — 1) xxo* (15% 2% — Txxo — 3) *y% —
wl43x g —3x s+ 1) /(8% (2x o — 1) %y * (Y& + (xe — 1) *20))))* — (Yo — ((y& *
(Bxyd+2%2k —2xxc+1)— (xo—1)?x2%) /(d*yo * (Y& + (xc — 1) x2¢))))? = 0.
The Euler line of ABC' is given by the equation

y=zc*(1—z0)/yc+(x—20) * (Yo /3 — (xc * (1 —2c)/yc)) /(e +1)/3 — z¢).
Consider the point X (46450) whose coordinates are given by

(—(ya * ((B*xxe —2)xy2 —2x a8, — 2% a2 + T*xxc —2) — (e — 1)? x 2% x (5xxo +
2))/ (Y2 * (Y2 +10% 2% —10xzc+ 1)+ 9% (vc — 1) *2%), (2% y% + (3 xo — 2) *
(3*x(;—1)*yé+(xc—1)*wo*(4*x%—4*xc+5)*yc—3*xc+9*:ﬂ%—9*
rh+3xxd)/(yo * (y& * (Y2 +10x 224 — 10 % xc + 1) + 9% (xo — 1) x 22))).
We verify that X (46450) lies on the Euler line since we calculate

rox (1 —20)/yc + (—(Wi * (Bxxc —2) % y2 — 2% a2 —2x a2 + T*axc —2) —
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(e — 1?22 % (5hxxc+2))/(ya * (Y2 +10x 2% —10x 20+ 1) + 9 (vc — 1)? *
) — o) * (Yo /3 — (zc * (1 —xc)/yc))/((zc + 1) /3 —xc) — (2% y + (Bxxc —
) xBxzo—1)xys+ (v —1)*xo* (dxad —dxxc+5)*yz — 3 a8, + 9% a1 —
9% g +3xa3)/(yo* (Y2 * (Yo + 10k 22 — 10% 20 +1) + 9% (vc — 1)**x 22))) = 0.
We then verify that X (46450) lies on circles AN H,, BN H,, and C'N H, since we
calculate

(— (Y& ((3*zc—2)xy2 —2xx — 2*xc—|—7*xc 2)—(ze—1)*xxtx(5xxc+2))/ (Y& *
(Y2 410x2% —10%2c+1)+ 9% (zc—1)?xx) — ( (2xyS — (xe+1)*(3xzc—2) xyd —
(wo—1)*wo*(dxxd+3)xyd+al —3xxd +3xxt —a}) [ (8*xoxyix (Y2 +12—1))))*+
(2%yS+ (3xxo—2) % (3xxc—1)*yt+(vc — 1)*xc*(4*mc—4*mc+5)*yc 3xad +
9xx, —9xxd+3%23) [ (yox (yi*(y C+1O*xc—10*x0+1)+9*(xc 1)%xz2)) — ((y& *
((5*$o+2)*y0+2*xc 2% 2% +10+2)— (vo—1)** 2% % (3xxc+2)) /(8% w0 *yC *
(gt 22— 1)) ((— (2 (1) (B —2) sy (v~ 1)wes (L +3)
VBt Beatt St by (Sxrcyfe (v at— D)V~ (e((Beac+ 2o+
2xxd—2xxt+1o+2)—(v0— 1) x 12 (3%x0+2)) /(8% xo*yc*(yi+22—1))))? =0,
(— (Y& ((3*zc—2)xy2 —2xxd — 2*xc—|—7*mc 2)—(zc—1)* szt x(5xxc+2))/ (Y& *
(Y2 +10x22 —10%20+1)+9x (zc—1)*x2%) — ( (2*yC—(3*x%+xc—6)*yé—(xc—
Dxzox (2510 —3)x(2xx0+3) %y +a8 — 352l +3x 28— ) /(8% (xo— 1) *y2 x (& +
(wc—2)x20))))? +((2xyS+ (Bxxc—2)* (3xxc— 1) xyb+ (vo— 1) *xo* (451 — 4%
To+5)*yd —3*xxl + 9%l — 9kl +3xad) [ (yo * (Y2 * (y0+10*xc—10*xc—|—1)+
9% (xc—1)%x2%)) — (Y2 * ((bxxo—T)*y2+ 2% —dx a2 +3xxc—3) — (vo— 1) %
2 (3ea—5)/(Bxlac— 1) wyos (it (re—2) wag)) - (1~ (~ (2w~ Brat +
ro—6)*ylt— (v —1)*xo* (2%r0—3)* (2% 0+ 3) * Y2 + 28 — 3%l + 3%l — xc)/(8*
(50— 1)y 8 (42 + (0 —2) 20))))— (4 (30— )it 2 x4
xo—3)—(vc—1)**28*(3%2c—5))/ (8 (xc—1)*yc* (y&+ (xc —2)*zc))))* = 0,
and

(—(y2*((3xx0c—2)*y2 —2%x?, — 2*x0+7*xc 2)—(zo—1)*xxx(5xxc+2)) /(Y2 *
(y&+10%2% — 10520 +1)+9% (xc —1)?x22) — (— (3xyS — (11 %22 —3xwc —T)*yl —
(v~ 1) w0s (15408 — T — )yl — 2t 3uh— 3k +8) /(84 (2o —1)
(Y24 (ze—1)x20)))) 2+ ((2xy+ (3xxc—2) % (3xxc— 1) *yd+ (xo— 1) kxo* (4w —
4xxo+5) Yyt — 3%l +9x2% —9xxd +3%22) [ (yor (Y2 x (Y2 +10x2% —10%zo+1) +9%*
(30— 1)) (4 (Brat et 2w 1) —(ao—1)twa) (b (et (re
xxc))))?—(re—(—(3xyS—(11%z2E —3%xc—T)xys— (v —1)*xox (155 2% —T*x o —
3) ey —at + e, Bt had)/(8e(2ezc— o (4 + (7o~ )~ (o -
((We*(B*ye+2xat —2+xc+1)— (xc—1)*xad) [ (dxyc* (Y +(zc— 1) xac))))* = 0
as deswed 4
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FiGurg 1. Illustration.
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