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1. INTRODUCTION

We justify the claim made in Euclid #8554.

2. RESuULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let P be a point in the plane not on line BC.

Let w be the parabola whose focus is P and whose directriz is line BC'.

Let wy, and w, be the points on w whose tangent lines are parallel to lines AB and
AC respectively.

Let the lines tangent to w at wy and w,. intersect lines AB and AC at p. and py
respectively and each other at Q).

Then, given that the four points wy, we, py, and p. are distinct, then they are con-
cyclic if and only if A, P, and QQ are collinear.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (x4, ya4).

B has coordinates (0, 0).

C has coordinates (1,0).

P has coordinates (zp,yp).

w is given by the equation y = ((x — xp)* + y2)/(2 * yp).

w has derivative % = (x—xp)/yp.

Line AB is given by the equation y = x * y4 /4.

Line AC is given by the equation y = (x — 1) * ya /(x4 — 1).
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wy, has coordinates

(TP +ya*xyp/za, (Y3 +7%) *xyp)/ (2% 2%)).

w, has coordinates

(wp+ya*xyp/(va—1), (Y3 *yp)/ (2% (x4 — 1)%) + yp/2).

The line tangent to w at wy is given by the equation

y= (4 +2%) xyp)/ (2% 2%) + (x — (vp + ya x yp/Ta)) * (Ya /7).

The line tangent to w at w, is given by the equation
y=(Wixyr)/2x(xa—1)%)+yp/2+ (x—(xp+yaxyp/(xa—1)))*(ya/(xa—1)).
pp has coordinates

(@3 *yp —zaxyp)/(2xya) + (yaxyp)/(2xxa) — (ya*yp)/2 —za*xp + 2P +
wa, = (Y4 *yp)/ (2% xa) + (T4 *Yp)/2 — Tp * ya + Ya)-

p. has coordinates
(ax(Wa—wa+1)*x(yatoa—1)*xyp)/(2% (xa—1)*ya) +xa*x2p,((ya—24+
D)#(yat+xa—1)xyp)/(2%(xa—1)) +xp*ya).

@ has coordinates

(%4 =) *yaxyp) /(2% (xa—1)xza) +ap, (Ya*yp)/ (2% (va—1)x20) +yp/2).
Line AQ) is given by the equation

y=ya+(x—za)* (Y4 *yp)/(2% (za — 1) xza) +yp/2 — ya) /(2% 24 — 1) *
yaxyp)/(2x(xg —1)%x4) +2p — T2a).

Points wy, w,, pp, and p. are concyclic if and only if

<

((xp+yaxyp/za) = (xp+yaxyp/(xa—1)))* (= (yaxyp)/(2%2a) + (Ta*yp)/2—
wp*yatya)+(((ah*xyp—zaxyp)/(25ya)+(yaxyp)/(2xxa) = (yaxyp) /2~ axzp+
wp+a4) = (Tptyarypr/za))*(Ya*yp)/ (2% (wa—1)*)+yp/2)+((xp+yaxyp/(Ta—
D)~ ((z%xyp—zarxyp)/(2%ya)+(yaxyp)/ (2%1a) = (Yaxyp) /2—za*xp+rp+T4))*
(a+ad)xyp) [ (2x2%)))*(ya—za+1)*(yataa—1)xyp) /(2%(xa—1))+2prya)’+
(wp+yaryp/(@a—1)) = (xp+yaxyp/za))* (= (Y3 *yp)/(2%xa) +(Ta*yp) /2~
rpxyatya)’+((xptyaxyp/va) — (2% xyp—raxyp)/(2xya)+(ya*yp) /(2% wa) —
(yaxyp) 2=z axzp+ap+ra))*((Ya*yr)/ (2%(xa—1)%) +yp/2)*+ (2% *yp — 2 a*
yr)/(2xya)+(yaxyp)/(2xx4) = (ya*yp) /2—zaxzpt+ap+ra)— (Tp+yaxyp/(Ta—
D) *(((a+z2)xyp)/(2%2%))*+((xptyaryp/(xa—1)) —(xp+yaxyp/za))* (2% *
yp—2a*xyp)/(2xya)+(yaxyp)/(2%xa) — (yaxyp) /2 —waxzp+arp+ra)’+((2p+
Yaxyp/xa)’ —(vpt+yaxyp/(va—1))?)* (23 *yp—za*xyp)/(2%ya) + (ya*yp) /(2%
2A) = (Yaxyp)/2—xa*sp+rp+aa)+(Tp+yaryp/ra)*(xp+ya*ryp/(ra—1))" -
(wpt+yaxyp/za)®*(xp+yaryp/(@a—1)))*((ya—za+1)*(yatoa—1)*yp)/ (2%
(l“A—1))+33P*Z/A)+(((93P+?JA*?JP/93A)—((xA*(yA—ﬂfAJrl)*(yAJrfEA—1)*yP)/(2*
(Ta—1)xya) +zaxap))*((ya+yp)/ (2% (a—1)*) +yp/2) + (za* (ya—2a+1)*
(yatza—1)xyp)/(2%(xa—1)*ya)+zaxzp)— (a:p+yA*yp/(xA 1))+ (((ya+a%)*
yp)/(2xa%)))* (—(yaxyp)/(2x2a)+(xa*yp)/2—xpxyatya)®+((((xa*(ya—za+
Dx(yatoa—1)xyp) /(2% (va—1)xya) tra*xrp)—(vp+yaryp/a))*((y5+yp) /(2%
(ra—1)*)+yp/2)* +((xp+yaxyp/(xa—1)) = ((za* (ya—za+1)*(yat+za—1)*
yp)/(2x(za—1)*ya)taaxap))*(((y4+2%)*yp)/(2x2%))* +((xp+yaxyp/ra) —
(@ptyaxyp/(xa—1)))*x(zax(ya—za+1)x(yatza—1)xyp)/(2x(xa—1)*ya)+
za*xxp)?+((xptyaxyp/(xa—1))2—(zp+ya*xyp/a)®)x((Ta* (Ya—za+1)*(ya+
va—1)*%yp)/ (2% (xa—1)xya) +xa*xxp) — (vp+ya*xyp/Ta)* (xp+yaxyp/(xa—
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D)2 +(zptyaxyp/za)**(zptyaxyp/(xa—1)))*(—(YA*yp)/ (25za) +(Taxyp) /2~
wpryatya)+(((@h*yp—za*xyp)/(2%ya)+(yaryp)/(25xa) — (ya*yp) /2— T a*
rp+rp+ra)—((Ta*(ya—za+1)*(yatrza—1)xyp)/(2x(ra—1)*ya) +Ta%7p))*
((Wa+a%)*yp)/(2x2%))* (Y3 *xyp)/ (2+(2a—1)%) +yp/2)* + (za* (ya—za+1)*
(ya+xa—1)xyp)/(2%(xa—1)*ya)+xaxzp)— (2% xyp—xaxyp)/(2%ya) + (ya*
yp)/(2%24) = (Yaxyp)/2—zaxzp+rp+ra))* (Y5 +2%) *xyp) /(2x2%))> + (27
yp—xaxyp)/(2xya)+(yaxyp)/(2xxa)— (ya*xyp)/2—raxrp+ap+ra) —(Tp+ya*
yp/xA)) ¥ ((wa*(ya—2a+1)*(ya+ra—1)*yp)/ (2% (xa—1)xyas)+xaxzp)?+((xp+
yaxyp/Ta)? = ((@h*yp—2axyp)/(2xya) + (Yaxyp)/(2x2a) = (ya*yp) /2—vaxTPp+
Tp+xa)2)x(wa*(Ya—wa+1)*(yat+za—1)*xyp)/(2x(xa—1)xys)+xa%2p)+(TPp+
yaxyp/Ta)* (2% *yp—2a*yp)/(2%ya) +(yaryp)/(2%74) — (ya*yp) /2 — T a%2p+
wptra)?—(xptyaryp/ra)’*(vh*yp—raxyp)/(25ya)+(Ya*yp)/(2xxa) — (ya*
yp)/2—zaxxptarp+ra))*((Yaxyp) /(2% (xa—1)*)+yp/2)+((zp+ya*yp/(Ta—
1) = (2% *yp —2axyp)/(2%ya) +(yaxyp) /(2% xa) = (ya*yp) /2 —wa*xp+2p+
w4))*((wax(ya—va+1)*(yataza—1)xyp)/(2%(xa—1)*ya) +aarzp)’+(((a%*
yp—2a*yp)/(2%ya) + (yaxyp)/(2x24) = (yaxyp)/2—za*xp+rp+24)* — (TP +
yaxyp/(@a—1))*) % ((wa*(ya—2a+1)x(yatza—1)*yp) /(2% (xa—1)*ya) +24%
wp)—(xp+yaryp/(xa—1))* (2% xyp—xaxyp)/(2%ya) +(ya*xyp)/(2xxa) — (ya*
yp)/2—za*xxp+rp+ra)’+(Tptyaxyp/(va—1))**((2%xyp —raxyp)/(25ya) +
(yaxyp)/(2xza) = (ya*yp)/2—zaxzp+rp+aa))*((y4+2%)*yp)/(252%)) = 0
<~

(ypx (2% xa— 1) xyaxyp— (xp+xa—1)* 3+ (xa— 1) xzax2p — 25 + %) *
(x4 —2) %94 — a3 +2%2% —2a)xyp+ 2% (w4 — 125 2p*xya) * (((wa+ 1) *
Yi —ah + %) xyp +2x 2% x (wp — 1) xya)) /(8% (w4 — 1) x2}) =0

<~

O=ypx*[2*%xsa— V) *yaxyp— (xp+aa—1) 594+ (x4 — 1) *2g x2p — 25 +
24 % [((wa —2) x4 — a3+ 2524 —xa) *yp+ 2% (x4 — 12, xpxya] * [((wa +
1) xyh — ol +2%) xyp + 2% 2% x (xp — 1) % ya]

<

A, P, and @) are collinear if and only if

0= ya+ (2p —2a) % (53 * yp)/ (2 (24 — 1) 20) + yp/2 — ya) /(274 — 1) »
Yya*xyp)/ (2 (xa—1) % xa) +2p —7a) —YpP

<

0=yp* (24 *Tp —Ya*yYp —Ta*Tp —Ta* Y4 —Tp*yq + 24 — 25 + Y4 + 2% T4 %
Ya*yp)/(2xxa* Tp+yakyp — 2% x4k xp — 2% 24 + 2% 23 — 2% x4k Ya * Yp)
<
0=a}%Tp—ya*yp—Ta*Tp—TaA*Ys —Tp*y3+2%4 — 23 +y4 + 2% T4 xya*yp.
We see that if A, P, and @) are collinear then wy, w,, py, and p. are concyclic since
the two expressions (2*x 4 —1)*yaxyp— (xp+xa—1)*y4+(xa—1)*T 4% p— 2% + 2%
and 24 % Tp —Ya*xYp — XAk Tp —TA* Y4 —Tp* Y4+ 24 — 23 + YA+ 2% wa*ya*yp
are equal.

However, wy, we, py, and p, will still be concyclic if either 0 = ((z4 —2) *y4 — 2% +
2% x% —wa)kyp+2% (x4 —1)2xxpxysor 0= ((wa+1) x93 — 2% +2%) *yp +
2x 2% * (xp — 1) *x ya.

In the first case, rearranging gives yp = (2 % xp * ya * (x4 — 1)?) /(x4 — ¥4 *
(ra —2) — 2% 2% + 7). Plugging this into w,. and p. gives the coordinates
(zp +ya* (2% zpxya*(za—1)%)/(wa —yh * (w4 —2) — 2% 2% +27))/(za —
1), (4 # (25 29 * 2= (24 — 12/ (0 — 3 (24— 2) — 223 + 23))) /(2 (4 —
D?) + (2% zpxya* (xa — 1))/ (wa — v4 * (xa — 2) — 2 x 24 + 2%))/2) and
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(Tax(ya—za+1)*(yataa—1)x((2xzpryax(za—1)%)/(xa—yh*(2a—2) -
2x2% + %))/ (2* (24— 1) xya) T zaxap, (ya —2a+ 1) * (ya+ 24 — 1) % (2%
wp oy (1a— 1)2)) (24— 4 % (54— 2) — 2623 +23))/ (2 x (24— 1)) + 2p 54)
<~

(—(waxapx(ya+(xa—1)%)/(2a—2)xyh — (a—1)*524), —(xprya* (Y4 + (4 —
1)/ ((xa—=2)*y3 = (za—1)*x24)) and (—(zax2p* (Y3 + (24— 1)%)) /(22 —2) *
ya— (wa—1)2xza), —(zpryax (yi + (va —1)*))/((za —2) % Y4 — (w4 —1)*x22))
which are the same point.

In the second case, rearranging gives yp = —(2 x 2% x ya * (xp — 1)) /(v * (4 +
1)+ 2% —23). Plugging this into wy, and pj, gives the coordinates (xp + 1y * (—(2x
whxyax (@p — 1))/ (3 (wa+ 1) + 23 — 2)) /wa, (V4 + 2%) * (=(2% 2% % ya =
(p = 1))/ (yh * (wa+ 1) + 2% — 27))) /(2% 2%)) and ((27 * (—(2% 2% * ya x (vp —
W)/ Wax(@atl)+ad —ah)) = wax (= (2l xyax (wp —1))/(Wa* (@a+1) 425 —
T/ (2% ya) + (yax (=(2% oG yax (wp = D)/ (i * (24 +1) + 25 —3)))/ (2 %
wa) = (Yax (=(2xafxyax (wp —1))/(yh * (wa+ 1) + 2% — 23)))/2 — 24 2p +
rpt+aa, —(yax (—(2xad xyax (wp = 1))/ (ya x (wa + 1) + 2% —23)))/ (2% za) +
(wa* (= (2% 2% yax (xp — 1))/ (3 * (wa+ 1)+ 2% —27)))/2 = 2p* ya+ya)
We then see that
wptyax(—(2xafxyax(vp—1)) /(Yo (wat1l)+ai—2)))/wa—((2h (= (252 xyax
(zp—1))/(Wax(@at)+ah—a})) —zax(—(2xaf xyax(wp—1))/(Yax(@a+1)+2%—
23)))/(2xya) + (ax (= (2xadxyax(wp—1)) /(Y (@a+ 1) +25—23)))/(2%24) -
(yax (—(2x24xya*x(xp—1))/(y4*(xa+1)+2%4—2%)))/2—xaxxp+Tp+T4) =0
and ((y3 +a%) * (=(2# 2% xya * (@p — 1)/ (ya * (@a+ 1) + 23 —23)))/ (2% 23)
(=(ya* (=(2% ahxyax (xp — 1))/ (g4 * (Ta+ 1) + 25 = 23)))/(2 % 24) + (24 *
(—(2xa% xyax(xp—1))/ (V5% (a+1)+24 —2%)))/2—xp*xya+ya) = 0 which
indicates that they are the same point, and so proves the result. O
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FIGURE 1. Illustration.
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