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1. INTRODUCTION

We justify the claim made in Euclid #8563.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let P be a point in the plane.

Let A'B'C’ be the cevian triangle of P.

Let the line passing through A’ which is orthogonal to line BC intersect lines AC
and AB at points A, and A. respectively.

Define By, B..,C,, and Cy, cyclically.

Then circles ABC, AB,C,, BA,Cy, and CA.B. are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).
C' has coordinates (z¢, yco).
P has coordinates (zp,yp).
A’ has coordinates
((zp*yc)/(=zc *yp +yp +zp *yc), (Yo * yr)/(—zc * yp +yp + xp * yc)).
B’ has coordinates

((zc xyp)/(zc *yp — xp *yo +yo), (o * yp)/(xc * yp — xp * yo + yc)).

C’ has coordinates ((x¢ *yp — xp *yc)/(yp — yc),0).

Ay has coordinates
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(—(@e*yo* (yoxyp+ (v — 1) x2p)) /(e + (vc — 1) xxc) * ((x0 — 1) ¥ yp — p *
ye)), —(e* (yoxyp+(zo—1)xxp)) /(Y2 + (2o —1) *20) * (0 — 1) *yp—TP*YC)))-
A, has coordinates
((yo * (yo *yp +xc *xp —xp))/((xc — 1) * (—xc * yp + yp + TP * Yc)), 0).
B, has coordinates
((@xze = 1) *ye+ (v — D xag)xyp — (vp — 1) xy2) /(v + (xc — 1) * 20) *
(ro*yp — (xp—1)*y0o)), (Y& * (Yo * yp +xc * (xp — 1)) /(y& + (v — 1) x 20) *
(zo*yp — (xp — 1) * yc))).
B, has coordinates
((yp * (28 +y2))/ (o * (yo + v * yp — xp * yo)), 0).
C,, has coordinates
((xexyr—zp*yc)/(yp —yc), (e xyp —xp *xyo)/(yp —yc) — 1) *yc/(xzc — 1)).
C} has coordinates
((xe*yp —xp *yo)/(yp — yo), (e * yp — xp * yo)/(yp — yo)) * Yo /vc)-
Circle ABC is given by the equation
(z—1/2)*+(y = ((¥& + (xzo = 1) *20)/(2%yc)))? = 1/4 = ((y& + (2o — 1) x20) /(2
yc))2 =0.
Circle AB,C, is given by the equation
(z=(=((xe=1)* (e x (Y2 +2¢ —3xx0+1) = (v0 — 1) *ad) xyp —yo* (Y& +((vp— 1)
y&—2x(zo—1)xxp—(vc—2)*(xc—1))—(vc—1)**xi*xp)*yp—(xp—1)*(xo*Tp—
Dxyt—(xe—1)*%xc*(xp—1)xxpxyd) /(2% (xc—1)*(y2+ (v —1)*xc)* (yp —yo ) *
(reryp—(p—1)sye))VP+ (20— L) sacs (k241 +(ro— 1) (3rre—1)) +
(xo—1)2%22) xys —yo* (3kxo* T p*yt— 24T prys— 2% T Yo+ ys+4xadxxpry —
9k x2 w1 pry2+6%TH T pRyYS — T pryD — 25T kYE +Akr iyl — 25w oYL TE KT p— 3k
wxxp+3krdxrp—aixrp)xyp+(rp—1)?xyd+(zo—1)x(xp—1)*((xc—1)*zp—
20)*ys) /(2% (xo—1)*yox (Y& +(zo—1)xxe)* (yp—yo ) (xoxyp—(rp—1)*y0))))* —
((=((xe—D)*(yex(yg +at —3*zc+1) —(zc—1)*28) *xyp—yox(yg +((xp—1)*yg —
2x(ze—1)xxp—(xc—2)%(xc—1))—(xc—1)**2i*xp)xyp—(xp—1)*(zo*xTp—1)*
yo—(ro—1)*xxo*x(xp—1)*xxp*xyd) /(2% (xc—1)* (Y2 +(xc—1)*x0)*(yp—yc ) * (To*
yp—(rp—1)*yc))))? — (((we — 1) xzo* (yg* (2% Y2+ (xo — 1) * (3% 20— 1)) + (10 —
1)2x22 ) xyb—yox (3xxo* T prys— 2% T prys — 2% ToxYd+ys+4x b xx pryd — 9w
Tp*YA+OxTo*T prYS — T pRYS — 24T kY +Ax 2L kYL — 2% ok YE XL kT p— IRl *
rp+3xxixrp—aikrp)xyp+(xp—1)2xyS+(zc—1)*(zp—1)*((zc—1)*xxp—20)*
ye) | 2x(xo—1)xyox (v +(zo—1)*xc)* (yp—yo ) * (zoxyp—(vp—1)xyc))))* = 0.
Circle BA,CY is given by the equation
(2= (—(ze* (Yo * (W +r8—rc+1) — (x0—1)**x0) ¥ yp —yo * (Tp*yb — rE * Y&+
Toxyh —xbxxp+aixrp— s +2xxd — 1) xyp—xp* ((vo—1)*xp+10) *Yh —
(e —1)xaixxpx(zp+1)*xy2)/(2xzo* (Y2 + (xo— 1) *z0) * (yp —yo) * ((xo — 1) *
yp—zp*yc))))?+(y— (2% 2L —2%xxc) %yt + (3% xd — 5kl +2x 2% ) *yd + 28 — 3%
w2 +3xxt —xl)xyh+ (1 =3xac)xwptaco) xys+ ((3xad —d*ad )k xp+2%xd —
22 )Ry (—a 2% — 28 5 _9ynd 103 2.6 2,2
2)x Yy TLH2%TH— XL ) *Tp+al — 2%+l ) %Yo ) kyp+rHxyd + (TG *ap
roxrp)*ye) /(2% w0 *ye* (Y@ + a8 —x0) * (yp —yo) * ((ve — 1) xyp —xp*yc))))* —
(1= (—(zox (Y& x (Y& +ag —zo+1) = (e —1)**20) ¥ yp —yo x (Tp*yb — T8 * Y&+
Toxyh —xbxrpt+aixrp— st +2xxd —xl)xyp—xpx ((vo—1)*xp+x0) * YL —
(e —1)xaixxpx(zp+1)*xy2)/(2xzo* (Y2 + (xoc— 1) *z0)* (yp —yo) * ((xo — 1) *
yp—xp*xyc))))? — (2% —2%xxc)*ys+ (3xxh —H*xd + 2% 22 ) Y2 + 28 — 3% 2+
3xxy—ad)xyh+ (((1—3xxc)*xp+xc)*ys+ ((3%x% — 4% xd) xwp+ 2%, — 22%)
Ve + ((—ad+2%al —ad)xrpt+ad —2xxb+xd) *yc) xyp+ahxyd + (2% x 1% — o *
wp)*ye)/(2xxoxyo* (Yo +at —x0)* (yp —yo) * (v — 1) xyp —p*yc))))* = 0.
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Circle C'A.B, is given by the equation

(z—(—(((2%mc— 1) %y} —xb+ 2528 —22) xy2+ (v —xp) x Y2 + (2% 28, — 2% 22
rp*yc)*xyp+ ((rc —12) x 2%+ (2% —xc) *2p) *y2) /(2% (xc — 1) *zo* ((xo — 1) *
yp—xp*yc)*(vcxyp+(1—zp)*yc))))’ +(y— (—((ye — (xc — 1) xzo* (27 — 20 +
1) *yd —al +3xad —3xat +ad) xyb+ (2520 — 1) xxp—20) *yo * (25 —x0+1) *
vi+(re—1)?*2i)xyp— (xc— 1) xzox(xp—1)*xpxylt — (rc—1)? 2t x (xp—1)*
rp*yt)/(2%(ve—1) xxo*yc* ((xo—1)*yp—xp*yc)*(xo*xyp — (xp—1)*yc))))* -
(zo—(—(((2%zc—1)*y2 —xt+2%xxd — 22 ) xyb+ ((xc —xp) *¥yd + (2523, — 2522 )
rpxyc)xyp+((voc—ai)xxh+ (2% —xc)*xp)*yd) /(2% (xc — 1) xxo* (v — 1) xyp —
et (20 e 4 (1 2p) ey (e (b — (ro— 1) =0 2 (22— 2 1)
yi — 28+ 3% xd —3xxb+ad) xys+ ((2xxc — 1) xxp—x0) *yo* (22 —xc+1)*y2 +
(e —1)*x22)xyp — (vo— 1) *xo*(xp— 1) xxpxys— (vo—1)*x2i* (xp—1)*xp*
v2) /(2% (zc— 1) *xxo*xyc* ((xo—1)xyp—xp*yc)* (xcxyp —(xp—1)*yc))))? = 0.
Consider the point whose coordinates are given by

(((yoxyp + (xc = 1) xxp) * (T * Yo x yp — (vp — ) * Yy + 28 — 1))/ (Y& *yp +
2% (zc— 1) *xo*yc *yp + (xp — x0)? * Y& + 24 — 2% 12 + 22), (yo * (yo * yp +
zox(xp—1))* (yexyp + (xoc— 1) x2p)) /(Y2 *x yb + 2% (xc — 1) x mo * yo * yp +
(0p — 20)? %4+ — 25 5+ 22).

We verify that this point lies on all four circles since we calculate
((yexyp+(zc—1)xzp)*(xcrycxyp—(xp—ac)*xyt+ae—at)) /(Y& xyp+2x(vc—
D*zo*xyc*xyp+(xp—rco)**y2+ah— 2513 +22) —1/2)*+ ((yo* (yo*xyp+zo* (xp—
1)*(yexyp+(xe—1)xxp)) [ (Y2xyp+2%(xc—1)xxoxycxyp+(xp—rc ) *yb+rt—2%
vitat) = (W +(@e—1)xzc)/(2xyc))) =1/4= ((y¢ +(zo—1)xzc) /(2xyc))? = 0,
((yeryp+(wc—1)xxp)*(xc*ycryp—(xp—ac)*xyt+at—at)) /(Y xyp+2+ (vc —
Dsxo*xycxyp+(rp—xc)?*xy2+as— 2%t +12) — (— (e — 1) * (Y2 * (y& + 2% — 3%
ro+1)—(xo—1)xad) *yp—yox (yex ((vp—1)*y¢ —2%(vc—1)*xp— (20 —2)* (20—
1) —(xe—1)*xa2*xp)*yp—(zp—1)*(zoxrp—1)xyl—(rc—1)?*xo*(xp—1)*x2p*
42/ (2 (20— 1) (g2 + (0 1)) (o — o)+ (zemyp - (2p — D ayo))+ (g
(yexyptzcx(xp—1))*(ycxyp+(vc—1)xxp))/(Yexyp+2+ (vc—1)*xxo*yc+yp+
(rp—xc)**yi+at—2xxd+2%)— (((zo—1)*xox (Y2 (25y2+(xc—1)*(3xxc—1))+
(x0—1)?%2d)xyb —yo* (3xxo* T pryt — 24T prys—2xxo*Yb+ys+4xadxxpry —
9z 2+ 1 pryA+65T* T pRYS — T pryS — 2% T kYE + Ak Iyl — 25 xR YZ A TE KT p— 3k
wxxp+3srdxrp—atxrp)xyp+(rp—1)?xyd+(zo—1)x(xp—1)*((xc—1)*xp—
zo)xye)/(2x(zc—1)*yo* (Y +(zo—1)xzc)*(yp—yo)x(zcryp—(xp—1)*yc))))* —
(=((xe—1)*(ye*(yg +at —3*zc+1) —(zc—1)*28) *yp—yox (Y& x((xp—1)*y —
2x(ze—1)*xp—(xc—2)%(xc—1))—(xc—1)**2i*xp)xyp—(rp—1)*(zo*xzp—1)*
yo—(ro—1) xxo*x(xp—1)*xxpxyd) /(2% (xc—1)* (Y2 +(xc—1)*z0)*(yp—yc ) * (To*
o~ —1)#yo)? — (((ro— 1) (5 (2t (r0— 1) % (1)) +(zc—
1)2x22 ) xyb—yox (3xxo* T prys— 2% T pxys — 2% Tox Y +ys+4xadxx pryd — 9w i
Tp*YA Ok o*T pRyYE — T pRYS — 24T kY +Ax 1L kYL — 25 ok YE+ XL R T p— IRl *
rp+3xxixrp—aixrp)xyp+(rp—1)2xyS+(zc—1)*(zp—1)*((zc—1)*xxp—20)*
ye) /(2% (ve—1)xycx(yg+(we—1)*zc)*(yp—yc)* (wcryp— (xp—1)xyc))))? = 0,
((yexyp+(zc—1)xzp)*(zcrycxyp—(xp—ac)*ye+at—af)) /(Y2 xyp+2x(zc—
Dxzoxyoxyp+(xp—xc)?*y2+ah =253 +1L) — (—(wo* (Y2 * (v +ai —zc+1) —
(wo—1)*%20)*ys—yo*x(Tp*ys— 25 y2+ro*yb—rt*x p+ Tl T p—TH+2% 13, — %) %
yp—xp*((re—1)*rp+rc)*yt—(vo—1)*xi*xp*(xp+1)*yd)/(2xxc* (Y2 + (rc —
Dxzc)x(yp—yc)x((xe—1)xyp—apryc))))*+((ye* (yoxyp+acx(zp—1))* (yoxyp+
(xo—1)*zp))/(Y&*ys+2x(xc—1)*xc*yc*yp+(rp—x0)**yd+ah — 2% 28 +2%) —
((((2xxE =220 )*yt+(3xxt —bxad +2%x2 ) vyt +8 —3xad +3xxt —xd ) xyh+(((1—
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3xxc)*xxptaco)*yp+((3xat —4xad ) xrp+2xxd — 22 ) vy 4+ ((—2d+2xxt —ad ) xx p+
1% —2xx 41l ) kYo ) xyp+abxyl+ (rikrb—roxrp)*yl) [ (2xroxyox (Y2 +ad—1c)*
(yp—yo)*((xc—1)xyp—ap*yc))))? —(1—(—(ve*(y2*(y& +at —zc+1) —(zo—1)%
o) xyp— Yok (Tpryt — T A YR+ ToRYE —TEH T pH LT p—TH+ 2% XY — X% *yp — T pk
(zo—1)*xp+xc)*ys—(xo—1)*xixxpx(zp+1)*y2)/(2xxo* (Y2 + (xo—1)*xc) *
(yp—yc)*((xo—=1)xyp—2pyc))))? = ((((2%aE —2%20) Y+ (3xx s —dxal+2xxF )+
yi 4l —3xxd43xrt —xd ) xyb+((1-3xxc) xxptac) *yd+((3xad —d*ad, ) *x p+-2%
rd—a2)xyd+((—xp+2xxt — 2l )k x p+ad —2xxt + 2l ) xyc ) *yp+abryd+(rixah —
zoxrp)xys) | (2xzoxyo* (Yo +ai—ro)*x (yp—yo)* (e —1)*yp—rp*yc))))* = 0,
(((yoxyp+(xc—1)xxp)* (xc *yo xyp — (vp — o) Y&+t —3)) /(e * yp +2 %
(wo—1)*zo*xyc*xyp+(xp—rc)**y2+ah — 2% +22) — (— (2% 20— 1) *y2 — 2t +
2% 1y, — L) xyh+ ((ro—xp) xys + (2% 2 — 2% 22 ) xxp*yc) *yp+ ((vo — %) x5+
(22 —xc)*xp)*yd) /(2% (zc— 1) xzo*x ((xc— 1) *xyp —xp*yc)* (xoxyp+(1—2p)
yo)))?+((yox(yoxyp+rox(xp—1))* (yoryp+(vc—1)xxp)) /(ve *xyp +2% (v0 —
D*xexyoxyp+ (xp—x0)?*y2+ s — 2% s +22) — (= ((y& — (v — 1) xxo* (22 —
ro+1)xy2 — 2l +3x2d —3xxt+ad) xyb+((2xzc— 1) *xp—20) *yo* (2& — 10+
Dxy2+(zo—1)?%22)xyp— (voc—1)xxox(xp—1)xxprys— (xo—1)**xi* (xp—1)*
rp*yd) /(2% (xc—1)*xoxycx (o —1)*yp—xp*ryc)*(xc*xyp—(xp—1)*yc))))* —
(wo— (= (2520 —1)*y2 — 2t + 2% a8, — %) *yb+ ((xc —xp) *¥yd + (2523, — 2% 22 )
rpxyc)xyp+((voc—xi)xxh+ (2% —xc)*xp)*yd) /(2% (xc — 1) xzo* (v — 1) *yp —
rp*xyc)*(zexyp+(1—2p)*yc))))? = (Yo — (= ((y& — (v¢ — 1) * 20 * (2% — 20+ 1) *
Y& —xl +3xad —3xxt 1) xyh+((2xxo— 1) *xp—x0) *yo* ((2h—ro+1) *y2 +
(xe—1)?*22)xyp— (xc—1)*xc*(xp—1)*xpxylt — (v —1)** 2% % (xp—1)*xp*
2 _ _ _ _ _ 2 _
ye)/(2*(xc—1)*xoxyco*x ((xe—1)*xyp—xp*yc)* (xcxyp—(xp—1)xyc))))* =0
as desired. O
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FiGure 1. Illustration.
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