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Abstract. Over the years, several ways of approximate constructions of arbi-
trary integer-valued angles have been proposed by mathematicians. The present
research comes up with extremely simple and highly accurate construction of all
integer-valued angles from 1° to 90° using a marked ruler and compass, by leverag-
ing elementary law of cosines. The measures of approximate angles are guaranteed
to be at least 99.99% accurate, implying an absolute error of at most 0.4".
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1. INTRODUCTION

Several attempts have been made at achieving exact constructions of arbitrary
integer-valued angles (measured in degrees) using a straight edge and compass.
Even though theoretically possible, but the final outcome of such constructions is
a very complex figure consisting of lots of intricate arcs and line segments.

An interesting rigorous proof of trisection of any angle has been presented by
Son [6] which involves intricate construction of circles and a regular hexagon. An-
other slightly simpler but tricky geometrical construction for trisection of angles
has been presented by Barton [7]. This construction agrees with the theoretical
proofs given by Wantzel, Dudley, and others [I][2][3][4]. The research article by
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Kimuya proves that it is possible to construct any angle which is an integer mul-
tiple of 3° using a straight edge and compass [§]. Babayo et.al. have presented a
very simple but not so accurate approximation of constructing angles of 20° and
40° [5] with absolute errors around 2.5% to 5% respectively, and hence they are
not very accurate.

The authors have identified the following key points from the relevant published
articles in the literature.

(i) Constructions of exact angles involve many tricky line segments and arcs,
resulting in a complex and unreadable figure when desired angle is 20° or
smaller.

(ii) Construction of each and every integer-valued angle from 1° to 90° with
high accuracy using only a marked ruler and compass is not documented
as of date.

(iii) Majority of the known approximate constructions are hard to achieve ac-
curately on standard A4-sized or common notebook-sized sheets of paper.
This makes it hard to apply those techniques in real world problems of
architecture and design.

(iv) Approximation techniques for integer-valued angles known as of date have
limited accuracy.

2. THE PRESENT WORK AND THE PROPOSED METHODOLOGY

The current work presents very simple techniques to construct any integer-valued
angle ranging from 1° to 90° using a marked ruler and compass. The basic idea
comes from the elementary law of cosines for planar triangles. The novelty in this
approach is the union of traditional geometric tools with modern computer pro-
gramming to determine practical parameters for constructing oblique triangles,
which contain highly accurate approximations of desired angles.

The measures of approximate angles are at least 99.99% accurate, implying an
absolute error of atmost 0.4”. In other words, the absolute error in such approxi-
mate constructions is atmost 0.0001°.

Computer programming has been used to find practically feasible lengths of three
sides for constructing simple triangles, one of whose angles is the desired approx-
imate angle. The lengths of sides of the triangle have been suitably scaled to
achieve the constructions on a standard Aj sheet of paper.

The key points considered when choosing appropriate side lengths for drawing
of triangles are:

e Any side of the triangle should not be longer than 20 cm (because a stan-
dard A4 sheet measures 21 cm x 29.7 cm).

e The minimum length of any side of the triangle should be 2 cm to minimize
errors.

e Only acute angles are considered for keeping the analysis simple.
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Predominantly, law of cosines has been used for approximate constructions. This
is because law of cosines deals with the lengths of the 3 sides of a triangle. Con-
structing a triangle with known lengths of all 3 sides is a simple geometrical
construction and the final outcome is a clean figure.

C BC = 3 units
AC = b units
AB = c units
90
A B

FIGURE 1. A generic oblique triangle

The above orientation of an oblique triangle ABC is considered for this analysis as
shown in Figure [1} Standard convention is followed with BC' = a units, AC' = b
units and AB = c units. The side AB is the base of the triangle and vertex C' is
the apex.

The elementary law of cosine gives the well-known result.

b? + 2 — a?
1 0 = —— =
0 o - (2555
or equivalently

b2 42— g2
(2) 0° = cos™! (%)

To draw an approximate integer angle #°, it is required to find practically feasible
values of the triplet (a, b, c), which are essentially the lengths of the three sides of
the triangle. Drawing a triangle with the specified lengths of sides and keeping
the orientation of the triangle as shown in Figure [1| will give the desired approx-
imation of the integer-valued angle 6°.

Refer to the definitions below.

Definition 2.1. A real number (z > 0) is called an approximate integer if
and only if it satisfies exactly one of the following conditions

oz — |z <107
o [z] —x <107
In simple words, the absolute difference between the number x and the integer

nearest to it should be atmost 107%.

Definition 2.2. An integer-valued angle is an angle whose measure in degrees
is an integer value.
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The key mathematical idea is that it is possible to find a rational fraction which is
very close to any given real number. In fact, there exist infinite number of rational
fractions which can be used to approximate any rational or irrational number to
any degree of accuracy.

Here are some examples to explain the idea.

Example 2.1. cos59° = 0.515038074910... is an irrational number which can
be approximated by a rational fraction % = 0.515036730945....

Here, 5 digits are identical after the decimal point, resulting in an approximation
as cos 59° & 457

Consider a triangle with orientation according to Figure [1] with side lengths as
BC = a = 6.5 units, AC = b = 6.6 units, and AB = ¢ = 6.6 units.

Putting these numbers in Equation gives

° -1 (6.62+6.62-6.52 ) _ —1 (4487 _ o
0° = cos ! (SEEES0 ) — cos™! (U7) = 59.0000898347 ..

This gives a close approximation of angle of 59° with an absolute error of just
0.3234" or equivalently 0.000152%. This triangle with the specified side lengths
is a clean figure, which gives a good approximation for the angle of 59° as shown
below.

BC =3 =6.5 units
AC =b =6.6 units
AB =c=6.6 units

A

FIGURE 2. Approximate angle of 59° using a simple triangle

Steps of construction are presented below.

(1) Draw a horizontal line segment AB of length 6.6 units using a marked
ruler.

(2) Taking A as center and a radius of 6.6 units, draw an arc.

(3) Taking B as center and a radius of 6.5 units, draw another arc which
intersects the arc drawn in previous step at point C.

(4) Join AC and BC.

This construction leads to ZCAB = 59° as explained above.
Further construction of AD 1 AB gives
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ZDAC =~ (90 — 59.0000898347)° = 30.9999101653° ~ 31°.
Also, AB = AC = 6.6 units and hence

ZABC = LACB ~ (1B0-59.00008%8347)° _ ) 49995508265° ~ 601°.

Construction of an angle of 60° using a ruler and compass is an elementary con-
struction, and this example illustrates an approximate construction of an angle of
60%O using a marked ruler and compass.

This implies an approximate construction of 60%o —60° = %o using a marked ruler
and compass. The actual value is 0.49995508265° = 0°29'59.8383”, which is an er-
ror of just 0.1617" or 0.008983%.

Example 2.2. cos10° = 0.984807753012... is also an irrational number, which
can be approximated by a rational fraction % = 0.984807771806....

Here, 7 digits are identical after the decimal point, resulting in an approximation
as cos 10° ~ 202
Consider a triangle with orientation according to Figure (1| with side lengths as
BC = a = 2.6 units, AC = b = 5.9 units, and AB = ¢ = 8.2 units.

Putting these numbers in Equation gives

0° = cos! (5200 ) — cos ($222) = 9.9999937987...

This is a close approximation of angle of 10° with a very low absolute error of
0.0223" or equivalently 0.000062%.

The aforesaid triangle with specified side lengths results in a clean figure with a
good approximation for the angle of 10° as shown below.

:E: BC = 3= 2.6 units
AC =b =59 units
(90 - 8Y ~80 AB = ¢ = 8.2 units
i
8°~ 10 /i

FIGURE 3. Approximate angle of 10° using a simple triangle

Steps of construction are similar to Example and ZCAB =~ 10° as explained
above.

Further construction of AD 1 AB gives

ZDAC = (90 — 9.9999937987)° = 80.0000062013° = 80°.

How to find such reasonably close approximations ?
Here is the outline of a simple computer program which was implemented in
Java to find these approximations.

e Check for each and every possible triplet (a,b,c¢) in the range a € ZT,
be Zt, ce ZT,20 < a <200, 20 < b < 200 and 20 < ¢ < 200. This
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range ensures coverage of all integer-valued angles from 1° to 90°. This
accounts for a total of (200 — 20 + 1)* = 5929741 triplets.

e Only those triplets are considered which form the sides of a valid triangle.
This eliminates 2125683 invalid triplets, or nearly 35.85% of the total
number of possible triplets.

e For each valid triplet, the value of cos#° is calculated according to Equa-
tion . Only non-negative values are taken into consideration to elim-
inate obtuse angles. This eliminates another 697599 triplets, or nearly
11.76% of the total number of possible triplets.

e As a further optimization, similar triangles are eliminated because
they generate the same value of cos #°. This eliminates yet another 474657
triplets, or nearly 8% of the total number of triplets.

e Only positive cosine values are considered and the corresponding value of
0° is calculated. If #° turns out to an approximate integer-valued angle
as explained in Definition and Definition [2.2] then that triplet is
noted down.

o Multiple distinct triplets can result in the same approximate integer-valued
angle. In such case, the triplet which gives a value with less absolute error
is taken into consideration.

e Finally, every triplet is scaled down by a factor of 10, implying a range
of 2<a<20,2<b<20and 2 < ¢ <20. This ensures that the triangle
can be constructed on a standard A/ sheet of paper which measures 21 cm

x 29.7 cm.

Overall, nearly 55.62% of the triplets are eliminated, leading to significant re-
duction in computation time. The aforesaid Java program was run on a quad-core
8GB Windows-10 laptop and took just 2 seconds to generate the data presented
in Table |2 in the next section, which is impossible for a human mathematician.

Another obvious fact is that the construction of an approximate angle of 6° implies
the construction of its complementary angle measuring (90 — 6)°, as illustrated in

Example and Example above.

3. RESULTS AND DISCUSSION

The work presented in [8] has shown that any integer multiple of 3° can be con-
structed using a straight edge and compass. Construction of any integer multiples
of 15° and 18° are also possible using a straight edge and compass. Once any
angle measuring 6° is constructed, it is possible to construct its complementary
angle (90 — 6)° as well.

If angles of a° and (° are constructed using a straight edge and compass, then
angles of (a+5)° and (a— 3)° can also be constructed using elementary geometry.

Based on these facts, here is an outline for constructing integer-valued angles,
which are multiples of 3°.
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Table 1: Integer multiples of 3° using a straight edge and

compass

Angle 6° 6° = a° 4+ 3° (or comments) (90 — 6)°
0° Elementary construction using ruler and compass 90°
3° 3° =18° —15° 87°
6° 6° = 36° — 30° 84°
9° 9° = 54° — 45° 81°
12° 12° =172° — 60° = 30° — 18° 78°
15° Elementary construction using ruler and compass 75°
18° Elementary construction based on sin 18° = @ 72°
21° 21° = 75° — b4° 69°
24° 24° = 54° — 30° 66°
27° 27° = T2° — 45° 63°
30° Elementary construction using ruler and compass 60°
33° 33° = 18° + 15° 57°
36° Elementary construction based on cos 36° = @ 54°
39° 39° = 54° — 15° 51°
42° 42° = 60° — 18° = 72° — 30° 48°
45° Elementary construction using ruler and compass 45°

The complete set of suitably scaled (a, b, ¢) triplets used for constructing the ap-
proximate angles, as shown in Figure (1| are listed below.

Table 2: Approximate integer-valued angles using law of

cosines
(a,b,c) cosf° * 6° ** |6°] *** |Error| ~
(6.4,13.3,19.6) % 3.99998936° 4° 1 0.0383" = 0.000266%
(3.0,13.7,16.4) % 5.00007247° 5° | 0.2609” = 0.001449%
(2.7,19.2,19.4) % 8.00005553° 8° 1 0.1999” = 0.000694%
(2.6,5.9,8.2) % 9.99999380° 10° | 0.0223"” = 0.000062%
(3.1,12.7,14.4) %zll 10.99996603° 11° ] 0.1223” = 0.000309%
(3.8,15.7,16.7) %‘g 13.00008479° 13° 1 0.3053” = 0.000652%
(3.0,11.3,12.2) % 13.99994644° 14° 1 0.1928” = 0.000383%
(4.0,14.1,14.5) % 15.99995296° 16° | 0.1693” = 0.000294%
(3.8,12.8,12.9) % 17.00004902° 17° 1 0.1765” = 0.000288%
(2.0,4.0,5.3) % 18.99994855° 19° | 0.1852” = 0.000271%
(2.6,7.2,7.6) % 19.99993941° 20° | 0.2181” = 0.000303%
(6.6,10.6,15.1) % 22.00004564° 22° 1 0.1643"” = 0.000207%
continued ...
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Table 2 ... continued
(a,b,c) cos §° * 6° ** |6°] *** |Error|
(3.7,9.1,9.4) %?; 22.99997457° 23° 1 0.0916” = 0.000111%
(5.9,7.7,11.9) % 24.99997415° 25° | 0.0931” = 0.000103%
(5.7,11.8,13.0) % 26.00000571° 26° | 0.0206” = 0.000022%
(10.6,8.9,17.6) % 27.99993061° 28° | 0.2498” = 0.000248%
(3.3,5.8,6.8) % 29.00000374° 29° | 0.0135” = 0.000013%
(8.9,15.6,17.2) % 31.00005395° 31° | 0.1942” = 0.000174%
(5.8,10.1,10.8) % 32.00008557° 32° | 0.3081” = 0.000267%
(8.3,12.9,14.8) % 33.99992130° 34° | 0.2833" = 0.000231%
(9.7,14.2,16.9) % 35.00004478° 35° 1 0.1612” = 0.000128%
(11.5,16.4,19.0) | 9711736 99994651° 37° [ 0.1926” = 0.000145%
(11.5,13.6,18.6) % 38.00007367° 38° | 0.2652" = 0.000194%
(6.3,7.6,9.8) % 39.99998818° 40° | 0.0426” = 0.000030%
(4.8,4.1,6.9) % 42.99998877° 43° | 0.0404” = 0.000026%
(4.5,5.3,6.4) % 44.00001466° 44° | 0.0528" = 0.000033%
(8.9,9.2,12.1) % 47.00004043° 47° | 0.1455” = 0.000086%
(11.7,13.9,14.3) % 48.99994393° 49° | 0.2019” = 0.000114%
(7.1,8.4,84) # | 297171750 00009936 50° | 0.3577" = 0.000199%
(9.5,8.3,12.0) % 51.99991455° 52° 1 0.3076"” = 0.000164%
(14.4,14.0,17.5) % 52.99990649° 53° | 0.3366"” = 0.000176%
(7.0,7.2,7.9) % 55.00003406° 55° | 0.1226” = 0.000062%
(3.7,3.6,4.2) % 55.99998492° 56° | 0.0543” = 0.000027%
(6.8,4.7,8.0) % 57.99993592° 58° | 0.2307” = 0.000110%
(6.5,6.6,6.6) % 59.00008983° 59° | 0.3234” = 0.000152%
(10.7,7.9,12.0) % 60.99996683° 61° | 0.1194” = 0.000054%
(13.7,13.3,13.3) % 61.99993571° 62° | 0.2315” = 0.000104%
(17.4,7.1,19.3) % 63.99999918° 64° | 0.0029” = 0.000001%
(8.4,7.1,84) # | L [64.99995032° 65° | 0.1789" = 0.000076%
(12.2,9.5,12.0) %gg 68.00008220° 68° | 0.2959” = 0.000121%
(15.2,13.2,13.3) % 70.00001957° 70° | 0.0705” = 0.000028%
(14.5,7.9,15.0) %735 70.99991118° 71° | 0.3198” = 0.000125%
(11.2,5.9,11.4) 26—3?(5 72.99992950° 73° | 0.2538” = 0.000097%
(17.9,11.6,17.2) % 74.00004936° 74° | 0.1777" = 0.000067%
(15.7,10.3,14.6) % 76.00008429° 76° | 0.3034” = 0.000111%
(15.2,11.2,13.1) 4914—932 76.99992734° 77° 1 0.2616” = 0.000094%
(11.7,7.7,10.4) % 78.99998859° 79° | 0.0411” = 0.000014%
(11.4,3.3,11.5) % 79.99992081° 80° | 0.2851” = 0.000099%
(10.9, 8.0, 8.6) % 82.00009196° 82° 1 0.3310” = 0.000112%
(10.5,6.9, 8.8) % 82.99991114° 83° 1 0.3199” = 0.000107%

continued ...

541
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Table 2 ... continued

(a,b,c) cos §° * 6° ** |6°] *** |Error|
(16.9,10.9,13.9) | o2 | 84.99998731° 85° | 0.0457” = 0.000015%
(13.2,85,10.4) | 5% | 88.00007491° 88° | 0.2697” = 0.000085%
(18.5,7.6,17.0) | 5ok | 88.99993387° 89° | 0.2381” = 0.000074%

2bc
** 0° is rounded to 8 places of decimals.
***0°] indicates rounded value of 6° according to standard rules of rounding.
**** Absolute Error is rounded to 4 places of decimals for angle in seconds, and 6 places of
decimals for % error.
# This is an isosceles triangle with two approximate angles of 65°, and one approximate angle
of 50°.

*cosf° = (M> from Equation .

It is observed that the absolute error for all approximate angles obtained by the
law of cosines is strictly less than 0.4”.

There are some missing integer-valued angles whose approximations are not
found in Table [2] Such angles can still be constructed with the help of their
approximate complementary angles.

Those missing angles are 1° = (90 — 89)°, 2° = (90 — 88)°,

7° = (90 — 83)°, 41° = (90 —49)°, 46° = (90 — 44)°, 67° = (90 — 23)°

and 86° = (90 — 4)°.

For example, to draw an approximate angle of 1°, lookup Table [2|to get the side
lengths of the triangle for drawing its complementary angle of 89°. Draw the angle
of 89°. Then, draw a perpendicular line segment at the vertex of the angle to get
an approximate angle of 1°.

Table (1] and Table [2| together show that it is possible to achieve approximate
geometrical construction for all integer-valued angles from 1° to 90°. The ab-
solute error for the approximations is strictly less than 0.4” ~ 0.00011°, thus
accounting for an accuracy of at least 99.99%.

4. SIGNIFICANCE OF THIS WORK

This research demonstrates the use of computer programming to successfully
search for simple triangles leading to reasonably good approximations of several
integer-valued angles with a high accuracy of at least 99.99%.

KEY FINDINGS

e This work enumerates extremely simple and highly accurate approximate
constructions for drawing any integer-value angle from 1° to 90°. In fact,
a good approximation for an angle of %o has also been found.

e Most of the knowledge in the field of geometry, and mathematics in general,
exists due to extensive manual analysis done by many mathematicians.
This research demonstrates the potential of combining traditional geome-
try with modern computational techniques to solve complex mathematical
problems.
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FUTURE WORK

Further research on properties of triangles can lead to more accurate constructions.
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APPENDIX

A. Construction of angles of 18°, 36°, 54° and 72° using a ruler and compass.
These constructions are based on the values of sines and cosines of these special angles,
which involve the irrational number /5.

A.1. Constructing an angle of 18° (and 72°) using a ruler and compass. This construc-

tion uses the fact sin 18° = cos 72° =

V5—1
4

[ 4

\\"__,
b ~.
II ™
|
\
>
3

FIGURE A.1. Angles of 18°

and 72° using ruler and compass
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Steps of construction are listed below.

(1) Draw a horizontal line m and mark any point A on it.

(2) Taking A as center and radius = 2 units, draw an arc intersecting the line m at
a point B. Clearly, AB = 2 units.

(3) Draw a line perpendicular to line m at the point B.

(4) Taking B as center and radius = 1 unit, draw an arc intersecting the perpen-
dicular line at a point C'. Clearly, BC' = 1 unit.

(5) Join AC. By Pythagoras theorem,
AC = VAB? + BC? = /22 + 12 = /5 units.

(6) Taking C' as center and keeping radius unchanged as 1 unit, draw an arc inter-
secting AC' at a point D. Clearly, CD = 1 unit.
AD =AC - CD = (\/5 - 1) units.

(7) Draw AY 1 AB.

(8) Taking A as center and radius = AD, draw an arc intersecting AY at a point
E. Clearly, AE = AD = (\/5 — 1) units.

(9) Taking E as center and radius = 4 units, draw an arc intersecting the line m at
a point F. Clearly, EF = 4 units.

(10) Join EF.

In above construction, sin ZEF A = g—g = ‘/5[1.
This shows that ZEFA = 18°.
Also, in right-angled triangle EAF, ZFEA = 90° — ZEFA = 90° — 18° = 72°.

A.2. Constructing an angle of 36° (and 54°) using a ruler and compass. This construc-
tion uses the fact cos36° = sin 54° = @

oY

FIGURE A.2. Angles of 36° and 54° using ruler and compass

Steps of construction are listed below.

(1) Draw a horizontal line m and mark any point A on it.
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(2) Taking A as center and radius = 2 units, draw an arc intersecting the line m at
a point B. Clearly, AB = 2 units.

(3) Draw a line perpendicular to line m at the point B.

(4) Taking B as center and radius = 1 unit, draw an arc intersecting the perpen-
dicular line at a point C. Clearly, BC' = 1 unit.

(5) Join AC and extend it. By Pythagoras theorem,
AC = AB? + BC? = /22 + 12 = /5 units.

(6) Taking C' as center and keeping radius unchanged as 1 unit, draw an arc inter-
secting extended AC' at a point D. Clearly, CD = 1 unit.
AD = AC+CD = (\/5 + 1) units.

(7) Draw AY 1 AB.

(8) Taking A as center and radius = AD, draw an arc intersecting line m at a point
F. Clearly, AF = AD = (\/g—l— 1) units.

(9) Taking F' as center and radius = 4 units, draw an arc intersecting AY at a point
E. Clearly, EF = 4 units.

(10) Join EF.

In above construction, cos ZEF A = % = @.

This shows that ZEFA = 36°.
Also, in right-angled triangle EAF, ZFEA = 90° — ZEFA = 90° — 36° = 54°.
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