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1. Introduction

We introduce a result about three concurrent lines at a central point in reference
to the intouch triangle.

2. Results

Theorem 2.1. Let A,B, and C be the vertices of a given triangle.
Let D be the point on line AC, with ∠CAB = ∠DAB, such that AD = AB.
Let E be the point on line AB, with ∠CAB = ∠CAE, such that AE = AC.
Let F be the point on line BC, with ∠CBA = ∠FBA, such that BF = AB.
Let G be the point on line AB, with ∠CBA = ∠CBG, such that BG = BC.
Let H be the point on line BC, with ∠ACB = ∠ACH, such that CH = AC.
Let I be the point on line AC, with ∠ACB = ∠ICB , such that CI = BC.
Let J be the midpoint of E and G.
Let K be the midpoint of D and I.
Let L be the midpoint of F and H.
Let M be the circumcenter of AGI.
Let N be the circumcenter of CDF .
Let O be the circumcenter of BEH.
Let P be the centroid of AJK.
Let Q be the centroid of CKL.
Let R be the centroid of BJL.
Let S be the centroid of JKM .

1This article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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Let T be the centroid of KLN .
Let U be the centroid of JLO.
Then lines PS,QT , and RU are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0, 0).
B has coordinates (1, 0).
C has coordinates (xC , yC).
D has coordinates ( xC√

x2
C+y2C

, yC√
x2
C+y2C

).

E has coordinates (
√
x2
C + y2C , 0).

F has coordinates ( xC−1√
(xC−1)2+y2C

+ 1, yC√
(xC−1)2+y2C

).

G has coordinates (1−
√

(xC − 1)2 + y2C , 0).

H has coordinates (xC +
(1−xC)∗

√
x2
C+y2C√

(xC−1)2+y2C
, yC ∗ (1−

√
x2
C+y2C√

(xC−1)2+y2C
)).

I has coordinates (xC ∗ (1−
√

(xC−1)2+y2C√
x2
C+y2C

), yC ∗ (1−
√

(xC−1)2+y2C√
x2
C+y2C

)).

J has coordinates ((1−
√

(xC − 1)2 + y2C +
√

x2
C + y2C)/2, 0).

K has coordinates (
xC(1+

√
x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

,
yC(1+

√
x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

).

L has coordinates
((1 + xC +

xC−1+(1−xC)∗
√

x2
C+y2C√

(xC−1)2+y2C
)/2, ( yC√

(xC−1)2+y2C
+ yC(1−

√
x2
C+y2C√

(xC−1)2+y2C
))/2).

M has coordinates ((1−
√

(xC − 1)2 + y2C)/2,−
xC−x2

C−y2C+(−xC+
√

x2
C+y2C)∗(

√
(xC−1)2+y2C)

2yC
).

N has coordinates (1+
√

x2
C+y2C−

√
(xC−1)2+y2C

2
,− (xC−1)∗

√
x2
C+y2C−xC∗(xC−1+

√
(xC−1)2+y2C)−y2C

2yC
).

O has coordinates ((1 +
√
x2
C + y2C)/2,−

xC−x2
C−y2C+(

√
x2
C+y2C)∗(xC−1+

√
(xC−1)2+y2C)

2yC
).

P has coordinates
(((1−

√
(xC − 1)2 + y2C +

√
x2
C + y2C)/2 +

xC(1+
√

x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

)/3,

(
yC(1+

√
x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

)/3).

Q has coordinates

((xC +
xC(1+

√
x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

+ (1 + xC +
xC−1+(1−xC)∗

√
x2
C+y2C√

(xC−1)2+y2C
)/2)/3, (yC +

yC(1+
√

x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

+ ( yC√
(xC−1)2+y2C

+ yC(1−
√

x2
C+y2C√

(xC−1)2+y2C
))/2)/3).

R has coordinates
((1+(1−

√
(xC − 1)2 + y2C+

√
x2
C + y2C)/2+(1+xC+

xC−1+(1−xC)∗
√

x2
C+y2C√

(xC−1)2+y2C
)/2)/3,

(( yC√
(xC−1)2+y2C

+ yC(1−
√

x2
C+y2C√

(xC−1)2+y2C
))/2)/3).

S has coordinates
(((1−

√
(xC − 1)2 + y2C +

√
x2
C + y2C)/2

+
xC(1+

√
x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

+ (1−
√

(xC − 1)2 + y2C)/2)/3,

(
yC(1+

√
x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

− xC−x2
C−y2C+(−xC+

√
x2
C+y2C)∗(

√
(xC−1)2+y2C)

2yC
)/3).

T has coordinates
((

xC(1+
√

x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

+(1+xC+
xC−1+(1−xC)∗

√
x2
C+y2C√

(xC−1)2+y2C
)/2+

1+
√

x2
C+y2C−

√
(xC−1)2+y2C

2
)/3,
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(
yC(1+

√
x2
C+y2C−

√
(xC−1)2+y2C)

2∗
√

x2
C+y2C

+ ( yC√
(xC−1)2+y2C

+ yC(1−
√

x2
C+y2C√

(xC−1)2+y2C
))/2

− (xC−1)∗
√

x2
C+y2C−xC∗(xC−1+

√
(xC−1)2+y2C)−y2C

2yC
)/3).

U has coordinates
(((1−

√
(xC − 1)2 + y2C +

√
x2
C + y2C)/2+(1+xC +

xC−1+(1−xC)∗
√

x2
C+y2C√

(xC−1)2+y2C
)/2+(1+√

x2
C + y2C)/2)/3,

(( yC√
(xC−1)2+y2C

+yC(1−
√

x2
C+y2C√

(xC−1)2+y2C
))/2−xC−x2

C−y2C+(
√

x2
C+y2C)∗(xC−1+

√
(xC−1)2+y2C)

2yC
)/3).

Line PS is given by the equation
y = −((x2

C + y2C)
1/2 ∗ (3 ∗xC −x ∗ (6 ∗ (xC − 1)2+6 ∗ y2C)+ y2C ∗ (xC − 2)− 4 ∗x2

C +
x3
C)+x∗ (6∗x2

C ∗ (xC −1)+6∗ y2C ∗ (xC +1))+ y2C ∗ (2∗x2
C −4∗xC +1)+3∗x2

C −
4 ∗x3

C +x4
C + y4C − ((xC − 1)2+ y2C)

1/2 ∗ (y2C ∗ (xC − 1)+ (x2
C + y2C)

1/2 ∗ (y2C +6 ∗x+
xC ∗ (xC − 1))− x ∗ (6 ∗ x2

C + 6 ∗ y2C)− x2
C + x3

C))/(6 ∗ yC ∗ (y2C + xC ∗ (xC − 2))).
Line QT is given by the equation
y = (((xC − 1)2+ y2C)

1/2 ∗ ((x2
C + y2C)

1/2 ∗ (x ∗ (3 ∗ y2C +3 ∗xC ∗ (xC − 1))− y2C ∗ (5 ∗
xC − 1) + 3 ∗ x2

C − 3 ∗ x3
C) + 3 ∗ x3

C − 3 ∗ x4
C + x ∗ (x2

C + y2C) ∗ (3 ∗ xC − 3)− xC ∗
y2C ∗ (3 ∗ xC − 3))− x ∗ (3 ∗ x2

C ∗ (xC − 1)2 − 3 ∗ y2C ∗ (yC − 2 ∗ xC + 1) ∗ (2 ∗ xC +
yC − 1)) + y4C ∗ (7 ∗ xC − 5)+ 3 ∗ x3

C − 6 ∗ x4
C +3 ∗ x5

C + xC ∗ y2C ∗ (2 ∗ xC − 1) ∗ (5 ∗
xC − 2)− 3 ∗ xC ∗ (x2

C + y2C)
1/2 ∗ ((xC − 1)2 + y2C) ∗ (x− xC))/(y

3
C ∗ (12 ∗ xC − 6)).

Line RU is given by the equation
y = −(x ∗ (6 ∗ xC ∗ (xC − 1)2 +6 ∗ y2C ∗ (xC − 2))− 4 ∗ xC + y2C ∗ (2 ∗ x2

C − 6 ∗ xC +
11) − ((xC − 1)2 + y2C)

1/2 ∗ (y2C ∗ (xC + 7) − 2 ∗ xC + (x2
C + y2C)

1/2 ∗ (x2
C − xC +

y2C − 6 ∗ x+6)− x ∗ (6 ∗ x2
C +6 ∗ y2C) + 7 ∗ x2

C + x3
C) + 9 ∗ x2

C − 6 ∗ x3
C + x4

C + y4C +
(x2

C + y2C)
1/2 ∗ ((xC − 1)2 + y2C) ∗ (xC − 6 ∗ x+ 6))/(6 ∗ yC ∗ (x2

C + y2C − 1)).
Consider the point V whose coordinates are given by
((y4C∗(22∗x2

C−23∗xC+8)−(x2
C+y2C)

3/2∗(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−1))∗((xC−
1)2+y2C)

1/2+y2C∗(2∗xC−3)+2∗((xC−1)2+y2C)
3/2−7∗x2

C+2∗x3
C−3)−2∗(x2

C+y2C)∗
((xC−1)2+y2C)

3/2−(x2
C+y2C)

1/2∗(y4C∗(2∗xC−8)−((2∗x2
C+xC−4)∗y2C+xC∗(2∗xC+

1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)
1/2+((xC−1)2+y2C)

3/2∗(4∗y2C+xC∗(4∗xC−
1))−8∗x2

C+18∗x3
C−12∗x4

C+2∗x5
C+y2C∗(2∗xC−8)∗(2∗x2

C−2∗xC+1))−7∗x3
C+20∗

x4
C−19∗x5

C+6∗x6
C+8∗y6C+xC∗y2C∗(20∗x3

C−42∗x2
C+28∗xC−7)+(x2

C+y2C)∗((xC−
1)2+y2C)

1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2
C+5∗xC+2)))/(6∗(x2

C+y2C)
1/2∗((xC−

1)2+y2C)
1/2∗(3∗(x2

C+y2C)∗((xC−1)2+y2C)
1/2+y2C∗(2∗xC−2)−2∗(x2

C+y2C)
1/2∗(xC∗

(xC+((xC−1)2+y2C)
1/2−1)+y2C)−2∗x2

C+2∗x3
C)),−(y6C∗(15∗xC−8)−(x2

C+y2C)
1/2∗

(((xC−1)2+y2C)
1/2∗(y4C∗(5∗xC−5)+y2C∗(8∗x3

C−9∗x2
C+xC+1)+2∗x2

C−x3
C−4∗x4

C+
3∗x5

C)+((xC−1)2+y2C)
3/2∗(y2C∗(5∗xC−1)−2∗x2

C+5∗x3
C)+y4C∗(20∗x2

C−20∗xC+
6)−8∗x3

C+24∗x4
C−24∗x5

C+8∗x6
C+6∗y6C+xC∗y2C∗(2∗xC−2)∗(11∗x2

C−11∗xC+4))−
(x2

C+y2C)
3/2∗(((xC−1)2+y2C)

1/2∗(xC∗(3∗x2
C−5∗xC+3∗y2C+1)+1)−7∗xC+(2∗xC−

1)∗((xC−1)2+y2C)
3/2+21∗x2

C−21∗x3
C+7∗x4

C+5∗y4C+y2C∗(12∗xC−5)∗(xC−1))−13∗
x4
C+39∗x5

C−39∗x6
C+13∗x7

C+y4C∗(43∗x3
C−59∗x2

C+31∗xC−8)+(x2
C+y2C)∗(y2C∗(5∗

y2C+(3∗xC−1)∗(4∗xC−2))+xC∗(7∗xC+2)∗(xC−1)2)∗((xC−1)2+y2C)
1/2+2∗(x2

C+
y2C)∗((xC−1)2+y2C)

3/2∗(3∗y2C+xC∗(3∗xC−1))+x2
C∗y2C∗(xC−1)∗(41∗x2

C−49∗xC+
21))/(6∗yC∗(x2

C+y2C)
1/2∗((xC−1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗((xC−1)2+y2C)

1/2+y2C∗
(2∗xC−2)−2∗(x2

C+y2C)
1/2∗(xC∗(xC+((xC−1)2+y2C)

1/2−1)+y2C)−2∗x2
C+2∗x3

C))).
We verify that V lies on each of these lines since we calculate
−((x2

C+y2C)
1/2∗(3∗xC−((y4C∗(22∗x2

C−23∗xC+8)−(x2
C+y2C)

3/2∗(8∗xC+(2∗y2C+
(2∗xC−1)∗(xC−1))∗((xC−1)2+y2C)

1/2+y2C∗(2∗xC−3)+2∗((xC−1)2+y2C)
3/2−7∗

x2
C+2∗x3

C−3)−2∗(x2
C+y2C)∗((xC−1)2+y2C)

3/2−(x2
C+y2C)

1/2∗(y4C∗(2∗xC−8)−((2∗
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x2
C+xC−4)∗y2C+xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)

1/2+((xC−1)2+
y2C)

3/2∗(4∗y2C+xC∗(4∗xC−1))−8∗x2
C+18∗x3

C−12∗x4
C+2∗x5

C+y2C∗(2∗xC−8)∗(2∗
x2
C−2∗xC+1))−7∗x3

C+20∗x4
C−19∗x5

C+6∗x6
C+8∗y6C+xC∗y2C∗(20∗x3

C−42∗x2
C+28∗

xC−7)+(x2
C+y2C)∗((xC−1)2+y2C)

1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2
C+5∗xC+

2)))/(6∗(x2
C+y2C)

1/2∗((xC−1)2+y2C)
1/2∗(3∗(x2

C+y2C)∗((xC−1)2+y2C)
1/2+y2C∗(2∗

xC−2)−2∗(x2
C+y2C)

1/2∗(xC∗(xC+((xC−1)2+y2C)
1/2−1)+y2C)−2∗x2

C+2∗x3
C)))∗

(6∗(xC−1)2+6∗y2C)+y2C∗(xC−2)−4∗x2
C+x3

C)+((y4C∗(22∗x2
C−23∗xC+8)−(x2

C+
y2C)

3/2∗(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−1))∗((xC−1)2+y2C)
1/2+y2C∗(2∗xC−3)+2∗

((xC−1)2+y2C)
3/2−7∗x2

C+2∗x3
C−3)−2∗(x2

C+y2C)∗((xC−1)2+y2C)
3/2−(x2

C+y2C)
1/2∗

(y4C ∗(2∗xC−8)−((2∗x2
C+xC−4)∗y2C+xC ∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−

1)2+y2C)
1/2+((xC−1)2+y2C)

3/2∗(4∗y2C+xC∗(4∗xC−1))−8∗x2
C+18∗x3

C−12∗x4
C+2∗

x5
C+y2C∗(2∗xC−8)∗(2∗x2

C−2∗xC+1))−7∗x3
C+20∗x4

C−19∗x5
C+6∗x6

C+8∗y6C+xC∗
y2C∗(20∗x3

C−42∗x2
C+28∗xC−7)+(x2

C+y2C)∗((xC−1)2+y2C)
1/2∗((2∗xC−5)∗y2C−

(xC−1)∗(−2∗x2
C+5∗xC+2)))/(6∗(x2

C+y2C)
1/2∗((xC−1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗

((xC−1)2+y2C)
1/2+y2C∗(2∗xC−2)−2∗(x2

C+y2C)
1/2∗(xC∗(xC+((xC−1)2+y2C)

1/2−
1)+y2C)−2∗x2

C+2∗x3
C)))∗(6∗x2

C∗(xC−1)+6∗y2C∗(xC+1))+y2C∗(2∗x2
C−4∗xC+1)+

3∗x2
C−4∗x3

C+x4
C+y4C−((xC−1)2+y2C)

1/2∗(y2C∗(xC−1)+(x2
C+y2C)

1/2∗(y2C+6∗((y4C∗
(22∗x2

C−23∗xC+8)−(x2
C+y2C)

3/2∗(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−1))∗((xC−
1)2+y2C)

1/2+y2C∗(2∗xC−3)+2∗((xC−1)2+y2C)
3/2−7∗x2

C+2∗x3
C−3)−2∗(x2

C+y2C)∗
((xC−1)2+y2C)

3/2−(x2
C+y2C)

1/2∗(y4C∗(2∗xC−8)−((2∗x2
C+xC−4)∗y2C+xC∗(2∗xC+

1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)
1/2+((xC−1)2+y2C)

3/2∗(4∗y2C+xC∗(4∗xC−
1))−8∗x2

C+18∗x3
C−12∗x4

C+2∗x5
C+y2C∗(2∗xC−8)∗(2∗x2

C−2∗xC+1))−7∗x3
C+20∗

x4
C−19∗x5

C+6∗x6
C+8∗y6C+xC∗y2C∗(20∗x3

C−42∗x2
C+28∗xC−7)+(x2

C+y2C)∗((xC−
1)2+y2C)

1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2
C+5∗xC+2)))/(6∗(x2

C+y2C)
1/2∗((xC−

1)2+y2C)
1/2∗(3∗(x2

C+y2C)∗((xC−1)2+y2C)
1/2+y2C∗(2∗xC−2)−2∗(x2

C+y2C)
1/2∗(xC∗

(xC+((xC−1)2+y2C)
1/2−1)+y2C)−2∗x2

C+2∗x3
C)))+xC∗(xC−1))−((y4C∗(22∗x2

C−
23∗xC+8)−(x2

C+y2C)
3/2∗(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−1))∗((xC−1)2+y2C)

1/2+
y2C∗(2∗xC−3)+2∗((xC−1)2+y2C)

3/2−7∗x2
C+2∗x3

C−3)−2∗(x2
C+y2C)∗((xC−1)2+

y2C)
3/2−(x2

C+y2C)
1/2∗(y4C∗(2∗xC−8)−((2∗x2

C+xC−4)∗y2C+xC∗(2∗xC+1)∗(xC−
1)∗(xC+1))∗((xC−1)2+y2C)

1/2+((xC−1)2+y2C)
3/2∗(4∗y2C+xC ∗(4∗xC−1))−8∗

x2
C+18∗x3

C−12∗x4
C+2∗x5

C+y2C∗(2∗xC−8)∗(2∗x2
C−2∗xC+1))−7∗x3

C+20∗x4
C−

19∗x5
C+6∗x6

C+8∗y6C+xC∗y2C∗(20∗x3
C−42∗x2

C+28∗xC−7)+(x2
C+y2C)∗((xC−1)2+

y2C)
1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2

C+5∗xC+2)))/(6∗(x2
C+y2C)

1/2∗((xC−
1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗((xC−1)2+y2C)

1/2+y2C∗(2∗xC−2)−2∗(x2
C+y2C)

1/2∗(xC∗
(xC+((xC−1)2+y2C)

1/2−1)+y2C)−2∗x2
C+2∗x3

C)))∗(6∗x2
C+6∗y2C)−x2

C+x3
C))/(6∗

yC ∗(y2C+xC ∗(xC−2)))−(−(y6C ∗(15∗xC−8)−(x2
C+y2C)

1/2∗(((xC−1)2+y2C)
1/2∗

(y4C∗(5∗xC−5)+y2C∗(8∗x3
C−9∗x2

C+xC+1)+2∗x2
C−x3

C−4∗x4
C+3∗x5

C)+((xC−1)2+
y2C)

3/2∗(y2C∗(5∗xC−1)−2∗x2
C+5∗x3

C)+y4C∗(20∗x2
C−20∗xC+6)−8∗x3

C+24∗x4
C−24∗

x5
C+8∗x6

C+6∗y6C+xC∗y2C∗(2∗xC−2)∗(11∗x2
C−11∗xC+4))−(x2

C+y2C)
3/2∗(((xC−

1)2+y2C)
1/2∗(xC ∗(3∗x2

C−5∗xC+3∗y2C+1)+1)−7∗xC+(2∗xC−1)∗((xC−1)2+
y2C)

3/2+21∗x2
C−21∗x3

C+7∗x4
C+5∗y4C+y2C∗(12∗xC−5)∗(xC−1))−13∗x4

C+39∗x5
C−

39∗x6
C+13∗x7

C+y4C∗(43∗x3
C−59∗x2

C+31∗xC−8)+(x2
C+y2C)∗(y2C∗(5∗y2C+(3∗xC−

1)∗(4∗xC−2))+xC∗(7∗xC+2)∗(xC−1)2)∗((xC−1)2+y2C)
1/2+2∗(x2

C+y2C)∗((xC−
1)2+y2C)

3/2∗(3∗y2C+xC∗(3∗xC−1))+x2
C∗y2C∗(xC−1)∗(41∗x2

C−49∗xC+21))/(6∗
yC∗(x2

C+y2C)
1/2∗((xC−1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗((xC−1)2+y2C)

1/2+y2C∗(2∗xC−
2)−2∗(x2

C+y2C)
1/2∗(xC ∗(xC+((xC−1)2+y2C)

1/2−1)+y2C)−2∗x2
C+2∗x3

C))) = 0,
(((xC−1)2+y2C)

1/2∗((x2
C+y2C)

1/2∗(((y4C ∗(22∗x2
C−23∗xC+8)−(x2

C+y2C)
3/2∗(8∗

xC+(2∗y2C+(2∗xC−1)∗(xC−1))∗((xC−1)2+y2C)
1/2+y2C ∗(2∗xC−3)+2∗((xC−
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1)2+y2C)
3/2−7∗x2

C+2∗x3
C−3)−2∗(x2

C+y2C)∗((xC−1)2+y2C)
3/2−(x2

C+y2C)
1/2∗(y4C∗

(2∗xC−8)−((2∗x2
C+xC−4)∗y2C+xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+

y2C)
1/2+((xC−1)2+y2C)

3/2∗(4∗y2C+xC∗(4∗xC−1))−8∗x2
C+18∗x3

C−12∗x4
C+2∗x5

C+
y2C∗(2∗xC−8)∗(2∗x2

C−2∗xC+1))−7∗x3
C+20∗x4

C−19∗x5
C+6∗x6

C+8∗y6C+xC∗y2C∗
(20∗x3

C−42∗x2
C+28∗xC−7)+(x2

C+y2C)∗((xC−1)2+y2C)
1/2∗((2∗xC−5)∗y2C−(xC−

1)∗(−2∗x2
C+5∗xC+2)))/(6∗(x2

C+y2C)
1/2∗((xC−1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗((xC−

1)2+y2C)
1/2+y2C∗(2∗xC−2)−2∗(x2

C+y2C)
1/2∗(xC∗(xC+((xC−1)2+y2C)

1/2−1)+y2C)−
2∗x2

C+2∗x3
C)))∗(3∗y2C+3∗xC∗(xC−1))−y2C∗(5∗xC−1)+3∗x2

C−3∗x3
C)+3∗x3

C−
3∗x4

C+((y4C∗(22∗x2
C−23∗xC+8)−(x2

C+y2C)
3/2∗(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−

1))∗((xC−1)2+y2C)
1/2+y2C∗(2∗xC−3)+2∗((xC−1)2+y2C)

3/2−7∗x2
C+2∗x3

C−3)−2∗
(x2

C+y2C)∗((xC−1)2+y2C)
3/2−(x2

C+y2C)
1/2∗(y4C∗(2∗xC−8)−((2∗x2

C+xC−4)∗y2C+
xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)

1/2+((xC−1)2+y2C)
3/2∗(4∗y2C+

xC∗(4∗xC−1))−8∗x2
C+18∗x3

C−12∗x4
C+2∗x5

C+y2C∗(2∗xC−8)∗(2∗x2
C−2∗xC+1))−

7∗x3
C+20∗x4

C−19∗x5
C+6∗x6

C+8∗y6C+xC∗y2C∗(20∗x3
C−42∗x2

C+28∗xC−7)+(x2
C+

y2C)∗((xC−1)2+y2C)
1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2

C+5∗xC+2)))/(6∗(x2
C+

y2C)
1/2∗((xC−1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗((xC−1)2+y2C)

1/2+y2C∗(2∗xC−2)−2∗(x2
C+

y2C)
1/2∗(xC∗(xC+((xC−1)2+y2C)

1/2−1)+y2C)−2∗x2
C+2∗x3

C)))∗(x2
C+y2C)∗(3∗xC−

3)−xC∗y2C∗(3∗xC−3))−((y4C∗(22∗x2
C−23∗xC+8)−(x2

C+y2C)
3/2∗(8∗xC+(2∗y2C+

(2∗xC−1)∗(xC−1))∗((xC−1)2+y2C)
1/2+y2C ∗(2∗xC−3)+2∗((xC−1)2+y2C)

3/2−
7∗x2

C+2∗x3
C−3)−2∗(x2

C+y2C)∗((xC−1)2+y2C)
3/2−(x2

C+y2C)
1/2∗(y4C∗(2∗xC−8)−

((2∗x2
C+xC−4)∗y2C+xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)

1/2+((xC−
1)2+y2C)

3/2∗(4∗y2C+xC∗(4∗xC−1))−8∗x2
C+18∗x3

C−12∗x4
C+2∗x5

C+y2C∗(2∗xC−
8)∗(2∗x2

C−2∗xC+1))−7∗x3
C+20∗x4

C−19∗x5
C+6∗x6

C+8∗y6C+xC∗y2C∗(20∗x3
C−42∗

x2
C+28∗xC−7)+(x2

C+y2C)∗((xC−1)2+y2C)
1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2

C+
5∗xC+2)))/(6∗(x2

C+y2C)
1/2∗((xC−1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗((xC−1)2+y2C)

1/2+
y2C∗(2∗xC−2)−2∗(x2

C+y2C)
1/2∗(xC∗(xC+((xC−1)2+y2C)

1/2−1)+y2C)−2∗x2
C+2∗

x3
C)))∗(3∗x2

C∗(xC−1)2−3∗y2C∗(yC−2∗xC+1)∗(2∗xC+yC−1))+y4C∗(7∗xC−5)+
3∗x3

C−6∗x4
C+3∗x5

C+xC ∗y2C ∗(2∗xC−1)∗(5∗xC−2)−3∗xC ∗(x2
C+y2C)

1/2∗((xC−
1)2+y2C)∗((y4C∗(22∗x2

C−23∗xC+8)−(x2
C+y2C)

3/2∗(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−
1))∗((xC−1)2+y2C)

1/2+y2C∗(2∗xC−3)+2∗((xC−1)2+y2C)
3/2−7∗x2

C+2∗x3
C−3)−

2∗(x2
C+y2C)∗((xC−1)2+y2C)

3/2−(x2
C+y2C)

1/2∗(y4C ∗(2∗xC−8)−((2∗x2
C+xC−4)∗

y2C+xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)
1/2+((xC−1)2+y2C)

3/2∗(4∗
y2C+xC∗(4∗xC−1))−8∗x2

C+18∗x3
C−12∗x4

C+2∗x5
C+y2C∗(2∗xC−8)∗(2∗x2

C−2∗xC+
1))−7∗x3

C+20∗x4
C−19∗x5

C+6∗x6
C+8∗y6C+xC∗y2C∗(20∗x3

C−42∗x2
C+28∗xC−7)+

(x2
C+y2C)∗((xC−1)2+y2C)

1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2
C+5∗xC+2)))/(6∗

(x2
C+y2C)

1/2∗((xC−1)2+y2C)
1/2∗(3∗(x2

C+y2C)∗((xC−1)2+y2C)
1/2+y2C∗(2∗xC−2)−

2∗(x2
C+y2C)

1/2∗(xC∗(xC+((xC−1)2+y2C)
1/2−1)+y2C)−2∗x2

C+2∗x3
C))−xC))/(y

3
C∗

(12∗xC−6))−(−(y6C∗(15∗xC−8)−(x2
C+y2C)

1/2∗(((xC−1)2+y2C)
1/2∗(y4C∗(5∗xC−

5)+y2C ∗(8∗x3
C−9∗x2

C+xC+1)+2∗x2
C−x3

C−4∗x4
C+3∗x5

C)+((xC−1)2+y2C)
3/2∗

(y2C∗(5∗xC−1)−2∗x2
C+5∗x3

C)+y4C∗(20∗x2
C−20∗xC+6)−8∗x3

C+24∗x4
C−24∗x5

C+
8∗x6

C+6∗y6C+xC∗y2C∗(2∗xC−2)∗(11∗x2
C−11∗xC+4))−(x2

C+y2C)
3/2∗(((xC−1)2+

y2C)
1/2∗(xC∗(3∗x2

C−5∗xC+3∗y2C+1)+1)−7∗xC+(2∗xC−1)∗((xC−1)2+y2C)
3/2+

21∗x2
C−21∗x3

C+7∗x4
C+5∗y4C+y2C ∗(12∗xC−5)∗(xC−1))−13∗x4

C+39∗x5
C−39∗

x6
C+13∗x7

C+y4C∗(43∗x3
C−59∗x2

C+31∗xC−8)+(x2
C+y2C)∗(y2C∗(5∗y2C+(3∗xC−1)∗

(4∗xC−2))+xC ∗(7∗xC+2)∗(xC−1)2)∗((xC−1)2+y2C)
1/2+2∗(x2

C+y2C)∗((xC−
1)2+y2C)

3/2∗(3∗y2C+xC∗(3∗xC−1))+x2
C∗y2C∗(xC−1)∗(41∗x2

C−49∗xC+21))/(6∗
yC∗(x2

C+y2C)
1/2∗((xC−1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗((xC−1)2+y2C)

1/2+y2C∗(2∗xC−
2)−2∗(x2

C+y2C)
1/2∗(xC ∗(xC+((xC−1)2+y2C)

1/2−1)+y2C)−2∗x2
C+2∗x3

C))) = 0,
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and
−(((y4C∗(22∗x2

C−23∗xC+8)−(x2
C+y2C)

3/2∗(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−1))∗
((xC−1)2+y2C)

1/2+y2C ∗(2∗xC−3)+2∗((xC−1)2+y2C)
3/2−7∗x2

C+2∗x3
C−3)−2∗

(x2
C+y2C)∗((xC−1)2+y2C)

3/2−(x2
C+y2C)

1/2∗(y4C∗(2∗xC−8)−((2∗x2
C+xC−4)∗y2C+

xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)
1/2+((xC−1)2+y2C)

3/2∗(4∗y2C+
xC∗(4∗xC−1))−8∗x2

C+18∗x3
C−12∗x4

C+2∗x5
C+y2C∗(2∗xC−8)∗(2∗x2

C−2∗xC+1))−
7∗x3

C+20∗x4
C−19∗x5

C+6∗x6
C+8∗y6C+xC∗y2C∗(20∗x3

C−42∗x2
C+28∗xC−7)+(x2

C+
y2C)∗((xC−1)2+y2C)

1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2
C+5∗xC+2)))/(6∗(x2

C+
y2C)

1/2∗((xC−1)2+y2C)
1/2∗(3∗(x2

C+y2C)∗((xC−1)2+y2C)
1/2+y2C ∗(2∗xC−2)−2∗

(x2
C+y2C)

1/2∗(xC∗(xC+((xC−1)2+y2C)
1/2−1)+y2C)−2∗x2

C+2∗x3
C)))∗(6∗xC∗(xC−

1)2+6∗y2C∗(xC−2))−4∗xC+y2C∗(2∗x2
C−6∗xC+11)−((xC−1)2+y2C)

1/2∗(y2C∗(xC+
7)−2∗xC+(x2

C+y2C)
1/2∗(x2

C−xC+y2C−6∗((y4C∗(22∗x2
C−23∗xC+8)−(x2

C+y2C)
3/2∗

(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−1))∗((xC−1)2+y2C)
1/2+y2C∗(2∗xC−3)+2∗((xC−

1)2+y2C)
3/2−7∗x2

C+2∗x3
C−3)−2∗(x2

C+y2C)∗((xC−1)2+y2C)
3/2−(x2

C+y2C)
1/2∗(y4C∗

(2∗xC−8)−((2∗x2
C+xC−4)∗y2C+xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+

y2C)
1/2+((xC−1)2+y2C)

3/2∗(4∗y2C+xC∗(4∗xC−1))−8∗x2
C+18∗x3

C−12∗x4
C+2∗x5

C+
y2C∗(2∗xC−8)∗(2∗x2

C−2∗xC+1))−7∗x3
C+20∗x4

C−19∗x5
C+6∗x6

C+8∗y6C+xC∗y2C∗
(20∗x3

C−42∗x2
C+28∗xC−7)+(x2

C+y2C)∗((xC−1)2+y2C)
1/2∗((2∗xC−5)∗y2C−(xC−

1)∗(−2∗x2
C+5∗xC+2)))/(6∗(x2

C+y2C)
1/2∗((xC−1)2+y2C)

1/2∗(3∗(x2
C+y2C)∗((xC−

1)2+y2C)
1/2+y2C ∗(2∗xC−2)−2∗(x2

C+y2C)
1/2∗(xC ∗(xC+((xC−1)2+y2C)

1/2−1)+
y2C)−2∗x2

C+2∗x3
C)))+6)−((y4C∗(22∗x2

C−23∗xC+8)−(x2
C+y2C)

3/2∗(8∗xC+(2∗y2C+
(2∗xC−1)∗(xC−1))∗((xC−1)2+y2C)

1/2+y2C∗(2∗xC−3)+2∗((xC−1)2+y2C)
3/2−7∗

x2
C+2∗x3

C−3)−2∗(x2
C+y2C)∗((xC−1)2+y2C)

3/2−(x2
C+y2C)

1/2∗(y4C∗(2∗xC−8)−((2∗
x2
C+xC−4)∗y2C+xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)

1/2+((xC−1)2+
y2C)

3/2∗(4∗y2C+xC∗(4∗xC−1))−8∗x2
C+18∗x3

C−12∗x4
C+2∗x5

C+y2C∗(2∗xC−8)∗(2∗
x2
C−2∗xC+1))−7∗x3

C+20∗x4
C−19∗x5

C+6∗x6
C+8∗y6C+xC∗y2C∗(20∗x3

C−42∗x2
C+28∗

xC−7)+(x2
C+y2C)∗((xC−1)2+y2C)

1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2
C+5∗xC+

2)))/(6∗(x2
C+y2C)

1/2∗((xC−1)2+y2C)
1/2∗(3∗(x2

C+y2C)∗((xC−1)2+y2C)
1/2+y2C∗(2∗

xC−2)−2∗(x2
C+y2C)

1/2∗(xC∗(xC+((xC−1)2+y2C)
1/2−1)+y2C)−2∗x2

C+2∗x3
C)))∗

(6∗x2
C+6∗y2C)+7∗x2

C+x3
C)+9∗x2

C−6∗x3
C+x4

C+y4C+(x2
C+y2C)

1/2∗((xC−1)2+y2C)∗
(xC−6∗((y4C∗(22∗x2

C−23∗xC+8)−(x2
C+y2C)

3/2∗(8∗xC+(2∗y2C+(2∗xC−1)∗(xC−
1))∗((xC−1)2+y2C)

1/2+y2C∗(2∗xC−3)+2∗((xC−1)2+y2C)
3/2−7∗x2

C+2∗x3
C−3)−

2∗(x2
C+y2C)∗((xC−1)2+y2C)

3/2−(x2
C+y2C)

1/2∗(y4C ∗(2∗xC−8)−((2∗x2
C+xC−4)∗

y2C+xC∗(2∗xC+1)∗(xC−1)∗(xC+1))∗((xC−1)2+y2C)
1/2+((xC−1)2+y2C)

3/2∗(4∗
y2C+xC∗(4∗xC−1))−8∗x2

C+18∗x3
C−12∗x4

C+2∗x5
C+y2C∗(2∗xC−8)∗(2∗x2

C−2∗xC+
1))−7∗x3

C+20∗x4
C−19∗x5

C+6∗x6
C+8∗y6C+xC∗y2C∗(20∗x3

C−42∗x2
C+28∗xC−7)+

(x2
C+y2C)∗((xC−1)2+y2C)

1/2∗((2∗xC−5)∗y2C−(xC−1)∗(−2∗x2
C+5∗xC+2)))/(6∗

(x2
C+y2C)

1/2∗((xC−1)2+y2C)
1/2∗(3∗(x2

C+y2C)∗((xC−1)2+y2C)
1/2+y2C∗(2∗xC−2)−

2∗(x2
C+y2C)

1/2∗(xC ∗(xC+((xC−1)2+y2C)
1/2−1)+y2C)−2∗x2

C+2∗x3
C)))+6))/(6∗

yC∗(x2
C+y2C−1))−(−(y6C∗(15∗xC−8)−(x2

C+y2C)
1/2∗(((xC−1)2+y2C)

1/2∗(y4C∗(5∗
xC−5)+y2C∗(8∗x3

C−9∗x2
C+xC+1)+2∗x2

C−x3
C−4∗x4

C+3∗x5
C)+((xC−1)2+y2C)

3/2∗
(y2C∗(5∗xC−1)−2∗x2

C+5∗x3
C)+y4C∗(20∗x2

C−20∗xC+6)−8∗x3
C+24∗x4

C−24∗x5
C+

8∗x6
C+6∗y6C+xC∗y2C∗(2∗xC−2)∗(11∗x2

C−11∗xC+4))−(x2
C+y2C)

3/2∗(((xC−1)2+
y2C)

1/2∗(xC∗(3∗x2
C−5∗xC+3∗y2C+1)+1)−7∗xC+(2∗xC−1)∗((xC−1)2+y2C)

3/2+
21∗x2

C−21∗x3
C+7∗x4

C+5∗y4C+y2C ∗(12∗xC−5)∗(xC−1))−13∗x4
C+39∗x5

C−39∗
x6
C+13∗x7

C+y4C∗(43∗x3
C−59∗x2

C+31∗xC−8)+(x2
C+y2C)∗(y2C∗(5∗y2C+(3∗xC−1)∗

(4∗xC−2))+xC ∗(7∗xC+2)∗(xC−1)2)∗((xC−1)2+y2C)
1/2+2∗(x2

C+y2C)∗((xC−
1)2+y2C)

3/2∗(3∗y2C+xC∗(3∗xC−1))+x2
C∗y2C∗(xC−1)∗(41∗x2

C−49∗xC+21))/(6∗
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yC∗(x2
C+y2C)

1/2∗((xC−1)2+y2C)
1/2∗(3∗(x2

C+y2C)∗((xC−1)2+y2C)
1/2+y2C∗(2∗xC−

2)−2∗(x2
C+y2C)

1/2∗(xC ∗(xC+((xC−1)2+y2C)
1/2−1)+y2C)−2∗x2

C+2∗x3
C))) = 0

as desired.
□

Figure 1. Illustration.
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