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1. INTRODUCTION

We introduce a result about three concurrent lines at a central point in reference
to the intouch triangle.

2. RESULTS

Theorem 2.1. Let A, B, and C' be the vertices of a given triangle.

Let D be the point on line AC, with ZCAB = Z/DAB, such that AD = AB.
Let E be the point on line AB, with Z/CAB = ZCAFE, such that AE = AC.
Let F be the point on line BC, with /CBA = Z/FBA, such that BF = AB.
Let G be the point on line AB, with /CBA = ZCBG, such that BG = BC.
Let H be the point on line BC, with ZACB = ZACH, such that CH = AC.
Let I be the point on line AC, with ZACB = ZICB , such that CI = BC.
Let J be the midpoint of E and G.

Let K be the midpoint of D and I.

Let L be the midpoint of F and H.

Let M be the circumcenter of AGI.

Let N be the circumcenter of CDF'.

Let O be the circumcenter of BEH.

Let P be the centroid of AJK.

Let Q) be the centroid of CK L.

Let R be the centroid of BJL.

Let S be the centroid of JKM.
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30 A POINT IN REFERENCE TO THE INTOUCH TRIANGLE

Let T be the centroid of KLN.
Let U be the centroid of JLO.
Then lines PS,QT, and RU are concurrent.

Proof. Without loss of generality, we will work in Cartesian coordinates.
A has coordinates (0,0).

B has coordinates (1, 0).

C' has coordinates (z¢, yco).

D has coordinates
( Ve c+yc \/mcﬂ”c)
E has coordinates (/22 + y2, O)
: 1
F has coordinates ( \/(xzcl : \/(xcﬁi)%yz ).
G has coordinates (1 — \/(a;c —1)24+42,0).
o) kA ) x 2 /xQ 2
H has coordinates (z¢ + “C)—ch, yo * (1 — i))

(zc=1)2+yZ (zc—1)2+y2
. (zo—1)2+y2 v (@e—1)2+y2
I has coordinates (z¢ * (1 — W);yc * (1— W»
J has coordinates ((1 — v/(zc — 1)2 + y2 + /2% + y2)/2,0).
c(+y/22+y2—/(zc—1)*+y2) yo(l+y/a2+y2—/(xc—1) +yc))
2*\/56%—&-,1;% ’ 2*\/xc+yc

K has coordinates (Z

L has coordinates
ro— —x0)k\/ 22 +y2 N x2, 42
((1 Yo+ o—14+(1—zg)*/ c+yc)/2’ (\/ yc i))/m

V(ec—1)2+y2 (zc—1)2+y2 (zc—1)2+y2

ro—x2,—yi+(—z 2, 4y2,)x* To— 2
M has coordinates ((1—\/<£L'C —1)2492)/2, ——< vet(zety/retyg) /(e 1)QerC)).

+yo(l —

2yc
22 4yZ—+/(xc—1)2+y2 zo—1)*/22+yZ—zo*(vc— zc—1)24y2)—y?
N has Coordinates(u\/ ctve 2\/( c—1)*+vg _( c— 1)/ +yg—zC (chc 1+4/(zc—1)%+y2) yc)_
ro—x2 T *(z T 2
O has coordinates ((1+ /22 + y2)/2, ——=< —yH(/ c+y02)yc c—1+y/(zc—1)2+y2 )>

P has coordinates

ro(1+4/224+y2—+/(xc—1)2+y2)
(0 = /G = TP+ VAT )2+ S By Py

yo (1+y/22+y2 -/ (mc—1)2+y2)
( 2*\/33%«4’&1% )/3)
() has coordinates
zc(1+\/z%+y%f\/(chl)2+y%) zo—1+(1—zo)x\ /2L +yZ
1 2)/3
((ze + 25y /22 +y2 + (L4 oo+ V(@e—1)2+y2 )/2)/3: (ye +
yc(lJr\/x%er%f\/(xc—l)?er%) ye 1— 24y 92)/3
N ) (e ol - ) ).

R has coordinates
(1+ (1= /(2o — 12+ 18+ /72 + 42)/2+ (14 ap+ et IrelVietic) o) /g

\/(xc 1)24y2
et T
(( (:cc—l)2+y%+yc( (xc—1)2+y%))/ )/)

S has coordinates
(1= (oo = 1P+ 92 + aZ+32)/2
T 24y —/ (xc—1)2+y2
+ c(+y/a+y2 —/(zc—1)>+42) + (1= /(wc —1)2+42)/2)/3,

2*\/x%+yé
(yc(1+\/xé+yé—\/<xc—1>2+yé) B xc—x%;—yé+(—xc+\/mg+yé>*<\/(xc—1)2+yé)) /3)
2*\/x%+y% 2yc )

T has coordinates
zo(1+y/224y2 —+/(xc—1)24y2) zo—1+(1—2c)*\/ T2 +y2 14+4/22+y2 —+/ (xc—1)2+y2
(LT (et TR TGS

)
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(yo(1+\/w2c+y%—\/(wo—1)2+y%) ( yo Fye(l— Vi tug ))/2
2*\/:L%+yé \/($C*1)2+y% (zc—1)2+yg
N (xcfl)*\/I%+y%*xc*(xcfl+\/ ($071)2+y%)*y%)/3>
2yc ’

U has coordinates
(1= /(ae = D2+ g+ /ah T g2) 2+ (L ag + O TVt o 4 (g

V(@e—1)2+y2
VT +y8)/2)/3,
(( Yo +yC(1_ \/m ))/2_EO*I%*y%«JF(\/m)*(‘TC*lJF\/W))/3)
V@@e—-1)2+y2 V0Ee-1)2+y2 Zyo '
Line PS is given by the equation
y=—((22+y2)?* (3xwc—a% (6% (vc —1)2+6%y2) + 92+ (xc —2) —d* 2% +
o)+ o (6xxi* (xo—1)+6*y2* (xo+1)) +yé* (2% 22 —dsxzo+1)+ 32k —
drxd + ot +yb— (e =12 +y2) 2 x (y* (xo — 1) + (22 +y2)?* (yg + 6+ +
rox(xo—1)) —zx (6x22 +6xy2) — 2% +122)) /(6 xyo * (Y2 + zc * (xc — 2))).
Line QT is given by the equation
y=(((zc—1)2+32)2 % (22 +y2) V2% (v 3 y2 +3xxc* (v — 1)) —yd * (5%
vo— 1)+ 3*a% —3%ad) +3xad —3xah +wx (24 +92)* (3*xxc—3) — 20 *
yax (3xxec—3)) —x*x (3xad*(xe — 1)> = 3xyd x (yo — 2% xc+ 1) % (2% x0 +
yo— 1) +ybx (Txaxc—5)+3xad —6x28 +3xa22 +axo*xyzx (2xxc—1) % (5%
vo—2) = 3xxc*k (L +y2) Y25 (xo — 1)2+92) * (v — 20)) ) (yg * (12 % xc — 6)).
Line RU is given by the equation
y=—(x*(6*xxc*(vc—1)?+6xy2x(xc—2)) —dxzc+yd*(2x2% —6xzx0+
11) — (e — )2+ 92)Y2 % (Y2 * (x¢ +7) — 2x 20 + (22 + y2)V% % (22 — 20 +
— 6% +6) —x* (6x22 +6xyd) + Txal +ad)+ 922 —6xad +at +yb +
(g +y2)"? * (we = 1)2 + y&) * (xc — 6 x x4 6)) /(6 % yo * (27 + y& — 1)).
Consider the point V' whose coordinates are given by
((yc*(22*xc—23*xc+8)—(x%—i—y%)?’/?*(8*x0+(2*y%+(2*mc—1)*(xc—1))*((xc—
1)%+ )1/2+y%*(2*x0—3)+2*((a:c—1)2+y%)3/2—7*3:204—2*1'30—3)—2*(9520—1—3/%)*
(re—1)2 —{—yc)3/2—(:v2c+yé)1/2*(yé*(2*xc—8)—((Q*xzc+:vc—4)*y%+xc*(2*xc+
)*(ro— 1) ($C+1)) ((fc 1)?+yg )1/2+((93C—1)2+y(2;)3/2*(4*?J?;+93C*(4*$c—
)) 8>|<m0+18>x<atc 12*:pc+2*xc+yc # (2510 —8) % (2xx8 — 2% w0 +1)) — T*xd,+20%
rh—19%23 + 6528+ 8%yl +roxyz * (20x 2y, —42% 2% +28% 10— T) + (22 +y2 ) * ((xc —
1)2+y%)1/2*((2*xc—5)*y%—(xc—1)*(—2*x%+5*xc+2)))/(6*(x%—i—y%)lm*((xc—
1)24y2) 25 (3% (23 +u) * (o —1)2 4y ) P+ ygx (25 w0 —2) = 2% (23 +y) 2 (w0
(wo+((we—1)24y2) 2 —1)+yd) —2xag+2+xa})), — (yex (15% a0 —8) — (2 +yg)
(((mc—1)2—|—y%)1/2*(yé*(5*xc—5)—|—y%*(S*x%—9>|<a%+xc+1)+2*x%—x%—4*xé+
3x22)+ (e —1)2 492 )? 2% (Y& * (5xxc—1) — 2% 23 + 5523 +y* (20 %22 — 205z 0+
6) —8xxd +24%xt —24x 1% +8% 28 +-6xyS +roxyd x (2% 10 —2) % (11522 — 115200 +4)) —
(22 4+y2)% 2% ((xe—1)2+y2) V2% (vox (3% —b*xo+3*y2+1)+1) —Txwo+ (2% 20—
1)*((xc—1)2—|—y%)3/2—|—21*x20—21*x3c+7*x4c+5>kyé+y%*(12*330—5)*(zc—l))—13*
T +39%2% —39x 2l + 13wl +yl o (43x 2t —59x a2 +-31xx e —8) + (a2 4+ y2 )+ (Y2 + (5%
y%+(3>|<xc—1)*(4*:100—2))—l—xo*(7*xc+2)*(wc—1)2)*((170—1)2+y%)1/2+2*(:v20+
yé)*((xc—1)2—|—y%)3/2*(S*y%—i—xc*(?,*xc—1))+x20*y%*(xc—1)*(41*x%—49*xc—|—
21))/(6xycx(xd4yE) 2+ (e —1)2+yd) 2 (3x (aE+yd ) * (wc—1)2+y& ) 2 +ydx
(2510 —2) = 2% (xE+y2) 2 x(zox(xo+ ((xo—1)+y2 ) 2= 1) +y2) —2xxd +2xal)) ).
We verify that V' lies on each of these lines since we calculate
—((22+y&) " ?* Brao— (Y * (2223 —23 %20 +8) — (13 +ya)¥ ** (8xxo+ (2% Yy +
2xzc—1)x(zc—1))*((xc—1)2+yg) P +ydx (2xac—3)+2% (o —1)2+yg) ¥ 2 —Tx
w2 42xxd—3) = 2% (2 4y ) * (e —1)2+y2 )32 — (xd+y2 ) 2= (yéx (2xz0—8) — (2%

(
1
1
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224 wo—4) syt trex(2xro+ D) *(zo—1)x(2c+1))*((vo—1)2+y2) V2 +((xc—1)2+
Y2 )3 25 (dxyl A wox (dxxc—1)) — 8522 +18x23, — 125 2L + 2522 +y2 % (2% 20 —8) % (2%
14 —2xx0+1)) = Txxd+20%xt — 19522+ 6528+ 8%y +xoxyd # (20% 23, — 4212 +28%
vo—T)+ (@2 4+y2) *(xe—1)2+y2) V2% (2% 10 —5) Y2 — (w0 — 1) * (= 2% 2% +-5x 20+
2)))/ (6% (28 +y2) >+ ((xo=1)*+y&) 2+ (3% (23 +y2) * (o —1)2 +y2) /2 +yex (2%
20 —2) = 2% (a8 +y) P x(zox (vo+ (w0 — 1) +y2) = 1) +yg) — 2% ag +2xa))) *
(6% (xc—1)+6xy2)+yd*(vc—2)—dxxi+xd)+ ((yh* (22% 22 —23xx0+8) — (22 +
y2)3 2% (8xxo+ (2xy2+ 2%z — 1) * (e —1)) % (w0 —1)2442) 2 +yd* (2% 10 —3) +2%
((ze=1)2 4y ) ? = Trag+2xxd —3) = 2% (23 +y2 ) * (xo—1)+y2)* P — (v +y)
(Y& x(2xxo—8) — ((2% 2% +xc—4) %y +xox(2xxo+1)*(xo—1)*(xc+1)) * ((xc —
2432024 ((w0—1)2492)3 25 (dxy2+aox (dxwo—1)) — 8% 2 +18% 23, — 1 2% 18, + 2%
24y (2520 —8)* (2xxL —2x w0+ 1)) — T*xd,+20x 20 — 19% 2% +-6x 28, +-8xyS +xo%
Y2 # (20% 23, —42% 22+ 28510 —T) + (22 +92 )+ ((xc—1)2+y2) V25 (2% 20— 5) % y2 —
(zo—1) % (=2x2%+5x10+2)))/ (6% (22 +y2) /2% (xe—1)2+42) 2% (3% (22 +y2 ) *
(xe=1)2+y3) P +yg* (2xx0—2) =2 (23 +yg) ** (xo* (ve+ (2o —1)*+yg)/* -
1)+y2)—2xx%+2%22)) ) * (6522 % (x0— 1) +6%y2x (xo+1)) +ydx (2xxt —dsxzo+1)+
Bxag—drad+re Ayl —((we—1)2+ye) 2 (Yo (xo—1)+ (22 +ye) 2+ (Yo +6x ((yd*
(22513 —23% 20 +8) — (22 +y2)3 2% (8w + (2% Y2 + (2x 20— 1) * (xc — 1)) * (0 —
D)2 4+y2) Y2y (2520 —3) +2% (10 —1)2+y2 )3 2= T2 +2%23,— 3) — 2 (22 +y2 ) *
(xe=1)24y3)¥? = (ag+ye) *x (ybx (2520 —8) = ((2xa + a0 —4) *yd+ao* (2x00+
Dx(ze—1)*(xc+1)* (20 —1)°+4) *+((xc = 1) +y3) ¥ * (dxyg +ao* (drae —
1)) — 8% +18%x}, — 1252+ 2522 +y2x (2% w0 —8)* (2% 2% — 2% 10 +1) ) — Tl +20%
rh =195+ 6528+ 8%yl +roxyz x (20xxd, —42% 1%+ 28% 10— T)+ (22 +y2 ) * ((xc —
1249225 (2510 —5)*y2— (zo—1) % (2522 +5x10+2))) /(6% (22 +32) 5 (20—
12 4+ye) 25 (3% (13 +ye )+ (xe = 1> +y3) P +ygx (250 —2) = 2% (23 +y&) /2 # (0%
(zo+((xe—1)2+y2)" 2 = 1) +y2) —2xag+2xad))) +xo*(xo—1)) — (yé * (2% 23, —
23x10+8) — (12 +y2 )3 2% (8xwo+ (2xy2+ (2% 10— 1)* (20— 1)) % ((wo—1)2+92) 2+
y2x (2500 —3)+ 2% (e —1)24+y2)? 2 = TxaZ + 2523, —3) — 2% (22 +92 ) * ((vo— 1)+
Y2 )32 — (2 +y2) V2% (yhx (2520 —8) — (2% 2% +w0—4) syt +xox (2% 20+ 1) * (10—
Dx(zo+1)*((mo—1)2+32) 2+ (w0 —1)2+92)3 2% (4592 +20* (dxv0— 1)) — 8%
T2+ 18xxd, — 125} + 2523+ y2 % (2520 —8) % (2% 22 —2x 10+ 1)) — Tad, +20% 1% —
19x 23 4-6x28,+-8xyd +xoxyd * (20x 2}, — 42522+ 28xx0 —T7)+ (22 +y2 ) * ((zc—1)%+
Y (2500 —5) ey — (10— 1) (<25 + B+ 2))) (6 (12t 920V % (i~
)P4 y2)V 2 (B (g (70— 1) 4522 i (i 2)— 2o 42 P
(e (e =1+ 8) P2 —1)'+ ) ~ Db 2 #6522+ 6y) ) (6
ok (g8 +10n (20— 2)) — (— (b (e —8) (224 520 20 (1 — 1) + 52) 25
(Yo (5xwc—5)+ye (828 —9xat+aro+1) 42508 — 18 —4xag+3x38) +((zc—1)*+
Y23 2 (Y2 x (5xwo—1) — 2502+ 5% 2 ) +ydx (20502 — 20520 +6) — 8%, + 245 v — 24%
2248528 +6xyS+roxydx (2xre—2)* (1122 — 11520 +4)) — (22 +92)3 % (0 —
1)2+92) 2% (o x (3xa% —5*wo+3*xyd +1)+1) = Txrc+ (2%x0— 1) * (20— 1)% +
y2)3 24 21522, — 2152l + T+ 55yt Ayt x (12500 —5) % (10— 1)) — 1352 +39%22, —
3928, + 1352l +yd x (43x a8, — 5912+ 31 w0 —8) + (22 +y2 ) * (y& * (5xyi + (3xxc —
Dx(4xxc—2)) +ao*(Txrc+2)*(vc—1)2)x((xe—1)2+32) 2+ 2% (22 +y2 ) * (zc —
1)24+9y2)% 2% (3xy2+aox 3%z —1)) + a2 *y2x (w0 —1)* (41 %23 — 49520 +21)) /(6%
yor ()P x((we=1)7+y2) 2 (3% (e +yg) * (o —1)* +y2) Py * (2xac —
2)—2x (23 +ye) P # (zox (ot (1e—1)2+yg) P = 1) +yg) —2xa3+2x1))) = 0,
((me =12 +y2) 25 (28 +y2) "+ (((yb * (22 % 23, — 23% 20 +8) — (2E +y&)*/* * (8
o+ 2xy2+2xrc—1)*(zc—1))* ((wc—1)2+y2) 2 +yd x (2520 —3) + 2% ((2c —
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12 +y2)* 2 = Ta + 2 —3) = 24 (a2 +y2 )+ (w0 — 1) +y2) 2 = (g +y2) 2+ (g *
(2x20—8)—((2xxt +xc—4)*yi+xe*(2xx0+1)x(xe—1)x(zc+1))* (e —1)*+
V) 2 (2e—1)2 492 )P 25 (dxyAwox (dxwo—1)) —8% 22 + 183, — 1252l +2% 23, +
YE#(2xxe—8)x(2%af — 2% xc+1)) = Txap+20xxt — 195 + 652l + 8% yd +roxyd *
(20% 23, — 42+ 22 +28% 20 —T)+ (22 4+y2 ) * (10— 1) +y2) V2% (2% 20 —5) *y2 — (10—
Dx(=2x2%+5x30+2))) /(6% (22 +y2) 25 (10 —1)2+92) 2% (3% (2242 ) * (xc —
12 4y2) 2 ye (25w —2) =2 (g +y2) P x(wox(ze+ (e — 1) +yd) VP —1)+y2) -
2522, +42x28))) x (3xyZ+3xxo* (xo—1)) —yéx (5xxo—1)+3xxs — 3% )+ 3xx?, —
3z + ((ya* (22522 — 23% 20 +8) — (22 +y2)* 2% (Sxwo+ (2% Y2+ (2% 20— 1) * (0 —
D)*((xe—1)24+y2) V2 +y2x (25m0—3) 4 2% (w0 —1)2+5y2)3 2 = Txa2 + 2%, —3) — 2%
(22 +ye)* (2o —1)7+y2) > — (@ +y2) 2* (yb (2520 —8) — ((2xat+ac—A)*yg +
vox(2xaot1)x(wo—1)*(wo+1))*((1e—1)°+y2) '+ ((wo—1)*+y2)* 2 (4xyg.+
rox(dxro—1))—8xxd +18%x}, —12xxt + 2522 +y2 * (2xx 0 —8) % (2xx2 — 2% x0+1) ) —
T2 +20% 0 —19% 2%+ 6% 28 + 8yl +woxyZ x (20523, — 42502 +28% 10 —T) + (22 +
2 (0 17 +42) 2 (20— 5) ey (20— L~ 2o+ 5w +2))) (6 (14
P Pr(( 1V 52 Y2 (B (b2 (P )P ) V24 (2o 2)~ 2
Y 5 (e (ot (o0 — 1) YE) P 1) 4 ) — 2t b 2t ) () (e
3)—woxyd*(3x1r0—3)) — ((yd*(22%x2% —23%20+8) — (22 +y2 )3/ ?* (8x v+ (2% Y2+
(2xx0—1)*(zo—1))*((ve—1)2+y2) V2 4y (2% 50 —3) + 2% (10— 1)2 +y2)3/ 2 —
Tt + Dt 3) — 2 (w42 (w0~ 1P U2 () P2 (g (20— 8) —
((2xa2+ac—4)xyttac(2xvc+1)x(vo—1)*(ro+1))*((ze—1)*+y2) *+((xc—
1)24+9y2)% 2% (dxy2+aox (dxxc—1)) — 8% 22 +18x a8, — 12% 2t + 2% 2% +y2 % (2xx0 —
8)# (2xx% —2%xc+1)) —T*xd+20% x5 — 19522 +-6x 28 +- 85y +xokyd # (20% 2, — 42
22 4+28%20—T)+ (22 4+y2) * (ve—1)2+y2) V2% (2520 —5) *y2 — (zo—1) % (= 2% 2% +
o+ 2)))/ (6% (2RI (60— 1) +y2) P25 (3 () e (mo— 1)+ 52) 2+
y2* (2x00—2) = 2% (22 +y2) 2 x (vox (wo+ ((wo—1)2+y2) V2 = 1) +y2) — 2% 22 + 2%
xd)))* (3xxd* (xo—1)2 =3yt * (yo —2%wc+1)x (2520 +yc— 1)) +yb* (Txxc—5)+
3xxd — 6% T+ 3%+ oyt (2%w0—1)* (ko —2) —3xxo* (22 +y2) Y % (20—
1242 ) * (g *(22%22 —23%30+8) — (22 +y2 )% 2% (8xx 0+ (252 + (2510 — 1) * (20—
D)*((we—1)2+92) 2492 % (2520 —3) +2x (20— 1)2 492 )?/ 2 = Tx a2+ 2523, — 3) —
(b )+ (20— 1) 522 (a2 42 (o (20— ) — (s — )
Y2 trox(2xrc+1)*(vo—1)*(zo+1))x (20 —1)2+y2) 2+ ((we—1)2 492 )3/ % (4%
Vit rox(dxro—1))—8xri+18xxd —12% 1+ 253 +y2 (2520 —8)* (2% 2% — 2% 1+
1)) =Txad 42052 — 19522+ 652 + 8%yl +xwo*y2 x (20% w8, — 4222 +28% 10 —T)+
(252 (2~ 1P 2) P25 (24 —5) g (1) (~2 623+ Sxc-+2))) /(64
(g2 2 (20— 1) 420 2n (35 (g (0 — 1P+ 520V g (20— 2) —
() 2 (e (o +((r0— 1)) 2 —1) +y2) ~ 2eat D)) ) (i
(12526 —6)) — (= (y&x (15x20—8) — (22 +42 )+ (((xc —1)2+y2) Y 2% (y&. + (5xac —
5)+ydx (8xxd —9x L+ a0+ 1) +2x2% —af —4dx b+ 3% 22) + ((xo—1)2+92)3 %
(y2*(5rro—1)—2%x2+5xx) +ysk (20525 —20% 20 +6) — 8wl +24xxl — 24 %23+
8# 28, +6xyS+roxyd* (2xw0—2)* (11%22 — 11z +4)) — (2242 ) ** (((vc—1)%+
Y2 2k (wox (3% 2L —bxwo+3%y2+1)+1) = Txxc+ (2% x0— 1) * (v —1)2+92 )32+
21xx2 — 21 ad, + Txx b+ 55yt +yd x (12520 —5)x (xo— 1)) — 13% 2 +39x 22, — 39*
8+ 13% 2l 4y * (43522, —59xx2 +31xx 0 —8) + (2 +yd ) * (Y2 * (5*yd + (3xxc—1)*
(4xzo—2))+aox(Tzo+2)*(xe—1)*)* (10— 1) +y2) 2+ 2% (22 +y2) * ((xc —
1)24+9y2)% 2% (3xy2+ao* (3xxc—1)) + a2 *y2x (w0 —1)* (41 xxE — 49520 +21)) /(6%
yox (2 +y2) 2+ (wo—1)2+y2) 25 (3 (wd+ye) + (w0 = 1)+ @) 2+ yg (2xm0 —
2) =2 (a2 +y2) P x(zex (wo+ (1o —1)* +y8)' /2 = 1) +yd) = 2% +2x23))) = 0,
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and

—(((y&* (22522 —23%20+8) — (22 +92)3 2% (8xwo+ (2%y2 + (2520 — 1) * (o — 1)) *
(xe—1)2+y2) V2 + 92 % (2% 10 —3) + 2% (10— 1)2 +92)3/2 = T2 + 2% 23, —3) — 2%
(25 +y8)* (o —=1) 4y )*? = (a3 +ye) > x (yb+ (2% 0 —8) = (2% x¢ + 0 —4) *y5+
vox(2xro+1)*(xe—1D)*(ze+1))*(xe—1)2+32) 2+ (o —1)2+y2)3 2+ (4592 +
rox(4xrc—1))—8xxi+18xxd, — 12} 42522+ y2 * (2% 10 —8) % (2% 2%, — 2% 1 0+1) ) —
T2 +20% 0 —19% 2%+ 6% 28 + 8yl +roxyd x (20523, — 42522 +28% 10 —T) + (22 +
y2)x (2o —1)24+y2) 2% (2520 —5) *y2 — (o — 1) % (—2%23 +5x10+2))) /(6% (1’0+
Ye) P+ ((me =12 +y2) 25 B (a2 + ) * (20 = 1> +y2)* +y * (2% 20 —2) —
(2 +y2) V2% (wox(zo+((ro—1)2+y2) V2 —1)+92) —2x2% +2%23,)) ) * (6*xc*(a:c
1)24+6xy2 (10 —2)) —dxzo+yd* (2502 —6x10+11) — (20— 1)2+y2 ) 26 (2 * (2o +
7)—2%zc+ (22 4+y2 ) 2% (22 — 2o +y2 — 6% ((yh (22*x%—23*x0+8)—(xc+y )3/2%
(8*zo+(2%y2+ 2%z —1)* (e —1)) % (10— 1) +y2) 2+ 92 % (2% 20— 3) + 2% (20—
124y )2 = Trag + 258 —3) = 2% (13 +ye ) * (we — 1) +y2) > = (x2 +y2) *+ (yx
(2x20—8)—((2xx% +xc—4)*yi +xo*(2xx0+1)x(xe—1)* (xc+1))* (e —1)*+
Y224 ((wo—1) 2492 )3 25 (dxy +mo* (dxre—1)) =8+ 12 +18% 13, — 12+ 2L + 2522+
Y (2%w0—8) % (2xxE —2xx0+1)) = Thad +20x 2t — 19523 + 6528 +8xyS +xoxyd *
(20% 23, —42% 22 +28% 20 —T)+ (22 4+y2 ) * (10— 1) +y2) V2% (2% 20 —5) *y2 — (10—
D)x(=2x22+5x30+2))) /(6% (22 +y2) 25 (10 —1)2+42) 2% (3% (22 4+ y2 ) * (xc —
D2 +ye)' 2y (2xac —2) = 2% (2 +ye) P # (xox (we + (20 = 1)* +y2)* = 1)+
y2) —2x22 4+ 2x32))) 4+6) — ((yd * (22% 22 — 23520 +8) — (w2 +y2 ) > 2 * (S*xx o+ (2% Y2 +
(2xzc—1)*(zo—1))* (o —1)24+y2) 2 +92 % (2520 —3) +2% (0o —1)2+y2 )32 —T*
2242513 —3) = 2% (22 4+y2 )+ ((wo—1)2+92)3 2 — (2 +y2) V2 # (yh+ (2520 —8) — (2%
i +rc—4)xyd+rox(2xro+1)*(zo—1)*(xo+1))*((re—1)2+y2) V2 +((zc—1)2+
Y2 )3 25 (dxyl A wox (dxxe—1)) —8%22 +18x23, — 125xL + 252 +y2 % (2520 —8) % (2%
12 —2xx0+1)) = Txxd 42052t — 19522+ 6528+ 8%y + xoxyd * (20x 2, — 42% 3% +28%
vo—T)+ @24y ) (e —1)2+y2) V2% (2% 10 —5) Y2 — (w0 — 1) * (= 2% 2% +5x 20+
2)))/ (6% (28 +ye) >+ ((xo=1)*+y&) 2+ (3% (23 +y2) * (o —1)2 +y2) /2 +yex (2%
v )~ 2 (g8 P2 x (e (et (w014 422 1) +y) — 2wt 4 D))
(622 +6xy2)+Tag+ad) +9xag—6xad+at+ybt(ag+yg) P+ ((ze—1)"+y2) *
(20 —6%((yh*(22x22 —23%20+8) — (2% +y2 )% 2% (8*xz 0+ (2% Y2 + (2520 — 1) * (20—
D)*((we—1)"+y2) " +ytx (2500 —3) +2% ((vo —1)*+y2)*? = Txag + 2%t —3) —
2 (4 42) (20— 12+ g2 — (2 ) o g (250 —8) — (2ot 20— )
yetaox(2xro+1)x(we—1)*(zo+1))* (e —1)*+y8) 2+ ((xo— 1) +yg) >+ (4%
yitrox(dxro—1))—8xri+18xxd — 1213+ 253+ yi* (25 w0 —8) % (2522, — 2% 2+
1)) —Tx22 +20x28 — 19522+ 6528 + 8%yl +wo*yd * (20%x, —42x 2%, + 28 %10 —T) +
(2925 (0~ 1P +g2) 2 (B — ) s — (e — 1) (w2 B +2)) ) (5
(2 G2 (20 1) 420 (B (b 2 (14 g8) P g2 (20— 2) —
D (2t y2) 2 (row (r (g0 14 BV 1) +y8) —Deat 2eah))) +6)) (64
or (2 —1) — (~ (e (150 8)— (% +y3) V(T — 1)+ 52012 x (g (5
To—5)+yd* (8% —9xxi+wo+1)+2x3 —ad —dxal+3%x2) + (o —1) 2 +y2 )3 2+
(y&*(5xxo—1)—2%x2+5xx8) +ys* (20525 —20% 20 +6) — 8%, + 24 %0} — 24 % 2%+
S*xg+6*yg+xc*y%*(Z*xc—Z)*(ll*x%—11*95(;—1—4))—(x%+y%)3/2*(((acc 1)2+
Y2 )2k (xo* (3x3L —Bbxxo+3%y2+ 1) +1) = Txxc+ (2% vc— 1) * (e —1)2+y2 )%/ 2+
21wzl — 21k ad, + Txx b+ 55yt +yd (12520 —5)x (xo—1)) — 13% 2t +39x 22, — 39 %
28+ 1352l +yd x (43% 28, — 59522+ 31520 —8) + (2 +y& ) * (y& (52 + (3xzc—1)*
(4520 —2))+xo*(Txzc+2)* (20— 1)) * (10— 1)2+y2) 2+ 2% (22 +y2) * (v —
)2 49y2)% 2% (3xy2+ao* (3*xzo—1)) + a2 *xy2x (w0 —1)* (41 %22, —49% 20 +21)) /(6%
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yor (xa+ye) P x (20 =12 +y2) 2 # (3% (134 ) * (2o = 1) +48) *+yg x (250 —
2) = 2% (23 +y) 2 x (xox (o + (2o —1)2+y2) 2= 1) +yd) —2xag+2x1}))) = 0
as desired.

O

FIiGUurg 1. Illustration.
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