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Abstract. Let @ be a point in the interior of a given triangle ABC. The lines
through @) and the vertices A, B, C, divide ABC into six smaller triangles. In
this paper we answer the following question:

For what points Q) are the centroids (circumcenters, incenters, orthocenters etc.)
of these six triangles lying on a conic?

Our proofs use the areal coordinates method and the symbolic algebra software
MAPLE.
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1. Two unexpected results

The following two theorems are the starting point of our study

Theorem 1.1. A triangle is divided by its medians into six smaller triangles. The
circumcenters of these six triangles lie on a circle.

Theorem 1.2. A triangle is divided by its angle bisectors into six smaller trian-

gles. The incenters of these siz triangles lie on an ellipse.
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FIGURE i;.;ﬁci(/)/ncyclic circumcenters and incenters on an ellipse

These are two remarkable results since they only employ the most basic notions
of triangle geometry (medians, circumcenters, circles, angle bisectors, incenters,
ellipses), and yet both problems are quite recent.

Theorem is due to Floor van Lamoen who posed it as a problem in American
Mathematical Monthly in 2000. Solutions were provided by K. Y. Li [6] in 2001,
and by the editors of the Monthly [5] in 2002. Soon after, Myakishev and Woo
[8] proved that the converse is almost true: the circumcenters are concyclic if and
only if the point used to create the six triangles is either the centroid, or the
orthocenter. A simpler proof of this result was found by Nguyen [9] in 2005.

Theorem [1.2{seems to be even more recent. The earliest reference we could find ap-
pears in the book by Bradley [2], page 259, where it is listed as an open problem. In
2011, the problem resurfaces on the Art of Problem Solving forum [10], still as un-
solved. Finally, in 2012 the same question is posed on the math.stackexchange.com
website [I1], where ten days later is solved by the user Blue. Despite our best
efforts, we were unable to find the true identity of the solver. The proof is quite
difficult.

It is natural to ask whether there are any other results in the spirit of Theorems
and [I.2] More formally, we are going to study the following

Problem 1.1. Let QQ be a point in the plane of the triangle ABC, and let M, N,
and P be the points where lines AQ, BQ and CQ intersect the lines BC, CA,
and AB - see figure[d For what positions of Q it is true that the circumcenters
(incenters, centroids, orthocenters, etc.) of the triangles AQP, BQP, BQM,
CQM, CQN, and AQN, lie on the same conic?

In general, we do not restrict ourselves to points () in the interior of the triangle
ABC. For example, figure [3| below illustrates a situation when the centroids of
the six triangles lie on a hyperbola.

IThis article is distributed under the terms of the Creative Commons Attribution License
which permits any use, distribution, and reproduction in any medium, provided the original
author(s) and the source are credited.
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FIGURE 2. Centroids on an ellipse

A

P N

FIGURE 3. Centroids on a hyperbola

2. A proof technique: areal and barycentric coordinates

In his proof of Theorem [1.1} van Lamoen refers to Clark Kimberling’s paper [4].
Kimberling has pioneered the use of computers as a research tool in geometry. He
used computer programs to systematically search for interesting points, lines and
curves related to the triangle, see [3].

A very useful tool in solving problems in plane geometry is the method of areal
or barycentric coordinates. This approach is particularly useful for solving prob-
lems based upon a triangle, because unlike cartesian coordinates, they exploit the
natural symmetries of the triangle in a very efficient manner. We present some
details below.

We start by choosing a triangle ABC', which we call triangle of reference, and
which plays a similar role to the axes in a rectangular coordinate system. Fix the
origin O at an arbitrary point. Then the location of any given point ) can be
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uniquely described as
(1) 0 = 2O0A + yOB + 00,

where x, y, z are real numbers such that x +y+ 2 = 1. In other words, the vector
OQ) can be written uniquely as an affine combination of the vectors OA, OB and

0
The coefficients x, y and z from above are the areal coordinates of Q.

Alternatively, the point ) has areal coordinates

[@BC] [QCA] [QAB]
2) (%%Z%Z(MBQ’MBQ’MBQ)’

where [ABC]| is the signed area of triangle ABC. The convention is that triangles
whose vertices are labeled clockwise have negative area, while those labeled coun-
terclockwise have positive area. It follows that no matter where () is situated we

have that [QBC] + [QCA] + [QAB] = [ABC].

The equivalence between the two definitions above can be shown by standard
vector methods. Figure[dshows the signs of x, y, and z in each of the seven regions
created by triangle ABC, where for example — + — means z < 0,y > 0,z < 0.

FIGURE 4. Sign convention for areal coordinates

It is easy to see that the vertices A, B, C' of the triangle of reference have areal
coordinates (1,0,0), (0,1,0), (0,0,1), respectively. Also, if any of the coordinates
of a given point are 0, then the point lies on one of the sides or extensions of the
sides of ABC.

Fact 2.1. The equation of a line in areal coordinates - see [2]

The equation of the line determined by two given points of areal coordinates
(21,11, 21) and (x2,ys, 22) is given by the equality

r Y oz
Ta Y2 22| =0
r oy oz

Of particular interest are Cevian lines, which pass through the vertices of the
triangle of reference. Let Q(m, n,p) and A(1,0,0). Then the line AQ has equation
nz —py = 0. Solving the system, nz —py = 0,2 = 0,z +y+ 2z = 1, it follows that
line AQ) will intersect line BC' at M (0,n/(n+p),p/(n+p)). Similar computations
lead to the areal coordinates of the points N = BQ N AC, and P = CQ N AB.
We record these findings for future reference.
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Fact 2.2. Let Q(m,n,p) be a point in the plane of the triangle ABC, m+n+p = 1,
and denote M = AQN BC, N = BQNCA, P=CQNAB, as shown in figure[5
Then the areal coordinates of the points M, N, and P are

(B)M(o,”,p), N(m,o, p>, P(m, ”,0).
n+p n+p m+p “m-+p m+n m+n

B M C

FIGURE 5. Areals of M, N and P

Let us notice that it is possible that some of these points are at infinity. Indeed,
if lines AQ) and BC' are parallel then M is going to be such a point. Since we are
interested solely in points in the finite plane, we will ignore this possibility. Thus,
from now on we will assume that (m + n)(m + p)(n + p)(m +n +p) # 0.

Fact 2.3. The distance formula in areal coordinates - see [2]

Let T1(x1, 11, 21) and Ty(xe, ya, 29) be two points in the plane of the reference tri-
angle ABC, x; +vy; + 2z = 1, i = 1,2. then the squared distance between Ty and
Ty is given by the formula

T\T? = —a*vw — b*wu — uv,

where a, b, ¢ are the lengths of the sides BC, CA, AB, and (u,v,w) = (x1 —
T2, Y1 — Yo, 21 — 22).

Fact 2.4. The equation of the conic determined by five points - see [2]

Let Qi(x,y:, 2i) be five points in the plane of the reference triangle ABC, x; +
yi+ 2z =1,1<1<5. The equation of the conic passing through these five points
is given by the formula

w3y 2wy mzm s

Ty Yy Ry TaYa2 T2Ra Y222
T3 Y3 23 T3Ys X323 Y323 —0

2 92 9

x% Z/% Zaé TalYs T4R4 Y424

Ty Ys 25 TsYs X525 Ys2s
2 2 2

¢yt 27wy T2 Y2

Until now we have been acting subject to the constraint x +y + 2z = 1. In reality,
if we are just finding intersections of lines, or checking whether six points lie on
a conic, it is legitimate to ignore these restrictions and just regard points (z,y, 2)
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and (kz, ky, kz) as being the same point for all & # 0. This is because areal
coordinates are a special type of projective homogeneous coordinates - see [7].

For example, it is easy to see that the incenter I of ABC has areal coordinates

a b c
a+b+ca+b+c’a+b+c/)’

One can simply write I[a, b, c], a significantly simple expression. If any ratios or
distances are to be calculated, it is absolutely necessary that the coordinates are
normalized again to make x + y + 2z = 1. This step is trivial; just apply the map

(1) m,z]ﬂ( u v : )

r+y+zrtytzaxty+z

We are going to call the triple [x,y, z]|, the barycentric coordinates of the point.
As noticed earlier, it is often much easier to present the coordinates in this form.
If one needs the areal coordinates instead, simply normalize this triple as shown

in the relation above.

Barycentric coordinates are going to be used exclusively in the remainder of the
paper. Here are the coordinates of some important points associated to triangle
ABC'. Recall that a, b, ¢ are the lengths of the sides of the reference triangle.

the centroid G = [1,1,1]
the incenter I = [a, b, ¢|
the circumcenter O = [a?(b? + ¢ — a?),b*(c* + a® — b?), 2 (a® + V* — ¢?)).
the orthocenter H = [a* — (b* — ¢®)2,b* — (¢® — a?)?, ¢* — (a® — 1?)?)].
the 9-point center: w = [a®(b*+c?)—(0?—c?)?, b*(*+a?) —(*—a?)?, 2 (a®+
b?) — (a* = 0)?].
e any point X of barycentric coordinates [f(a, b, ¢), f(b,c,a), f(c, a,b)] is go-
ing to be called a triangle center given that the nonzero function of three
variables f(a,b, c) satisfies the following two conditions:

— homogeneity: f(ta,tb,tc) = t"f(a,b,c) for some constant n and all

t> 0.
— bisymmetry in the second and third variables: f(a,b,c) = f(a,c,b).

An extensive list of triangle centers (more than 70000) is available in [3].

We are now ready to start presenting our results. We start with the easiest case.

3. Centroids on a conic in a Ceva configuration

Theorem 3.1. Let Q) = [m,n,p| be a point in the plane of the reference triangle
ABC. Let M, N, P be the points where the cevians AQ, BQ, C(Q meet the sides
BC, CA, AB, or their extensions. Denote by G1,Gs, ..., Gg, the centroids of the
triangles APQ, BPQ, BMQ, CMQ, CNQ, and ANQ. Then these points are

on the same conic if and only if Q) lies on one of the medians on ABC.

Proof. Let G; = [4,y;, z;] for 1 <1i < 6. Since OG; = (O—1>4 + OP + Oﬁ)/i’), after
using (3)) it follows immediately that

G1 = [21,y1, 21] = [3m? + 4mn + 2mp + n? + np, n(2m + 2n + p), (m + n)p]
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Similar computations for the other centroids lead to the following results:

Gy = [T9, Y, 22) = [m(2m + 2n + p), m* + 4mn + mp + 3n* + 2np, (m + n)p|
[(n + p)m, 2mn + mp + 3n® + 4np + p*, p(2n + 2p +m)]
[(n + p)m,n(2n + 2p +m), mn + 2mp + n® + 4np + 3p?]
[
[

r3,Ys, Z3

m(2m + 2p +n), (m + p)n, m* + mn + 4mp + 2np + 3p?]
3m? 4 2mn + 4mp + np + p*, (m + p)n, p(2m + 2p + n)]

L5, Ys,

Te, Y6, 26

Gs =] 23]
Gy = [24, Ys, 24]
Gs = | 5]
G = | }

From Fact it follows that the centroids are on the same conic if and only if

T Y1 2 T X1z Uiz
Ty Yy 25 XaY2 T2Z2 Y222
(5) O—|T3 Ys 2 Ts¥s T3z YsE3| _
Ty Yy 2y TalYs TeZ4 Ya24
Ty Y5 25 TsYs Ts2s5 Y525
Te Yo 26 TeYe T6Z6 Y626
On the other hand, a simple MAPLE computation shows that

Q = 8lmnp(m —n)(m — p)(n — p)(m +n)*(m + p)*(n + p)*(m +n + p)*

If m = 0 then @ lies on BC'; as a result four of the six triangles are degenerate
and their centroids lie on BC as well. The other two centroids lie on another line
parallel to BC. So in this case, the centroids lie on a degenerate conic (union
of two parallel lines). The cases n = 0, p = 0 are treated similarly. We already
excluded the case (m + n)(m + p)(n + p) = 0, see and the remark following
it. Also, m +n+ p # 0 since we want @ = [m, n, p] to be somewhere in the finite
plane. The only remaining possibility is (m —n)(m —p)(n—p) = 0 which happens
if and only if @ lies on a median. Based on figures [2| and [3] it may be conjectured
that the conic is an ellipse if @) lies in the interior of ABC and is a hyperbola if
@ is outside triangle ABC'. This completes the proof of Theorem [3.1 U

4. Circumcenters on a conic in a Ceva configuration

Theorem 4.1. Let Q = [m,n,p| be a point in the plane of the triangle ABC.
Let M, N, P be the points where the cevians AQ, BQ, CQ meet the sides BC,
CA, AB, or their extensions. Denote by O1,0,,...Og the circumcenters of the
triangles APQ), BPQ, BMQ, CMQ, CNQ, and ANQ. Then for any position
of Q) these six circumcenters lie on the same conic.

Proof. Our first proof uses the famous Pascal’s Hexagrammum Mysticum Theo-
rem.

Theorem 4.2. [12] Let Xy, Xo, ... Xg be siz points in the plane. Let o« = X1 XoN
Xy X5, B =XoX3N X5X, and v = X3X4 N X¢X1. Then the siz points X; lie on
a conic if and only if the points a, B and v are collinear. This includes the case
when «, B, v are points at infinity, that is, if X1 Xo || X4 X5, XoX3 || X5X6, and
X3 Xy || XeX.

The proof of Theorem follows easily: notice that 0105 and O4O5 are the
perpendicular bisectors of segments PQ) and C'Q), respectively . Thus they are both
perpendicular on the line C'P, and thus O;0; || O4O5. Similarly, O503 || O50¢, and
0304 || O6O;. Apply now Pascal’s theorem to complete the proof.
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FIGURE 6. Circumcenters on a conic

The second proof is computational. Let O; = [z;,y;, z;] for 1 < i < 6; one can
express the barycentric coordinates of each circumcenter in terms of a, b, ¢, m, n, p.
We show the steps for O;. First, we use the distance formula (2.3)) to find out the
lengths of AP, AQ, and P(Q. We obtain

(—a® +b* + )np + b*p* + *n?

(m +n+ p)?
a® + b* — )mn + a®n® + v’m?
(m+n)2(m+n+p)
On the other hand, since O; is the circumcenter of AP we have that

@OA +BOP +~00
APTY AQ'+ PQT — 2AP2- AQ? — 2AP? - PQ? — 2AQ? - PQ?

2.2
2 c'n 2
AP = 1 AQ =

d
(m +n) ) an

6 po ="

00, =

where
o = PQX(PQ* — AQ* — AP?),
B =AQ*(AQ* — AP* — PQ?),
v = AP*(AP? — AQ* — PQ?).

Substituting the areal coordinates of A, P, and () in the equation above, we obtain
the barycentric coordinates of O

r1 = (a* +b* + ¢* — 2a%0* — 2a*c* — 26°*)m(m +n + p) + a*(a® — b* — *)np—
— b (b? — a® — A)mp + A (—a® — b* + H)mn — 2n*a’c?
y1 = (a* — 2a*b* — 2a*c* + b* — 2% + cMn(m + n) + b*(—a® + b* — A)p(m +n)—
— A (—a® = b + A)n? + 20°Am(n + p)
21 = —c*(a® + 0> + )n(m +n + p) + 2a*cPn(m + n) — 2¢20°pm + 2¢*n(n + p)
It can be verified that
Dy =21 +y1 + 21 = (a* +b* + ¢* — 2a*0* — 2a*c* — 2b°*)(m +n)(m +n + p),

so the areal coordinates of Oy are (x1/D1,y1/D1,21/D1). Similar expressions can
be found for O; = [x;,y;, z;], for all 2 < i < 6. Admittedly, the expressions are
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rather complicated. However, when substituting the values of [x;,y;, z;] into the
condition , MAPLE returns 2 = 0, as expected. Hence, the six circumcenters
are on the same conic, independently of the position of Q. U

5. Incenters on a conic in a Ceva configuration

In this section we give a proof of a stronger form of Theorem [I.2]

Theorem 5.1. Let QQ = [m,n, p| be a point in the interior of the reference triangle
ABC. Let M, N, P be the points where the cevians AQ, BQ, C(Q) meet the sides
BC, CA, AB. Denote by I, 1>, ..., Is the incenters of the triangles APQ), BPQ,
BMQ, CMQ, CNQ, and ANQ, respectively. Then these siz incenters lie on the

same conic if and only if
(7) m?(n-+p)(pb—nc)- AM+n*(m+p)(mc—pa)- BN +p*(m-+n)(na—mb)-CP = 0.

In particular, the six incenters lie on the same conic when () = I, the incenter of

ABC.

M C
FIGURE 7. Incenters on a conic

Proof. Using the distance formula (2.3)) we obtain that
_np(—a® + 0+ ) + p*b* 4 n’c?

2
A CEwIE /
) BN? — mp(a® — b* + ) + p*a® + m*c?
(m +p)? ’
Cp? — mn(a® + b* — ) + n*a® + m?H?
(m +n)?

Note that none of these expressions is a nice perfect square and this appears to
make the computations more difficult. For the time being, we ignore the above
equalities. We will use the lengths AM, BN and C'P, and just remember that they
are irrational expressions of a, b, ¢, m,n,p. Recall that the barycentric coordinates
of the incenter are [a, b, c]. Let us express the coordinates of I;. We have

—s  PQOA+ AQOP + APOO

oI, =
! PQ+ AQ + AP
On the other hand,
AP=-"" Ag=_""P a4y po=—P (cp
m-+n m+n+p m+n+p
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Here is where we used the fact that () is an interior point of ABC; we implicitly
assumed m,n,p are all positive. Combining the equations above, it follows that
the barycentrics of I; are

x1 =m(n+p)- AM + p(m +n) - CP +mne,y; = n(n+p) - AM +n’c, z; = npc.

Similar expressions can be obtained for the other I;[z;,y;, 2], j = 2,...6. This
does not look too promising since the barycentric coordinates now depend on 9
quantities: a,b,c,m,n,p, AM, BN,CP. What is quite surprising is that when
we use these coordinates in the condition we obtain the following beautiful
factorization

(9) Q=mnp(m+n)(m+p)(n+p)-AM-BN-CP-F,-F,-Fy-F, - F;5, where

Fy =m(n+p)AM + n(m + p) BN + p(an + bm),

Fy =m(n+ p)AM + p(m +n)CP + n(ap + cm),

F3; =n(m+ p)BN + p(m +n)CP + m(bp + cn),

Fy=m(n+p)AM + n(m + p)BN + p(m +n)CP,

Fy = m*(n + p)(pb — nc) - AM + n*(m + p)(mc — pa) - BN+
+ p*(m + n)(na — mb) - CP

Notice that the factors F, Iy, F3, Fy are all positive because m,n, and p are as-
sumed to all be positive. So, the only way we can have 2 = 0 is if F5 = 0. This
proves equality (7).

Obviously, F5 = 0 if each of the coefficients of AM, BN and CP equals 0. This
gives that pb = ne, me = pa,na = mb. Solving we get that n = bm/a, p = cm/a.
It follows that @ = [m, n,p| = [m,bm/a,cm/a) = |a,b,¢] = I. Thus, if Q = I, the
incenters Iy, Io, . .., I will belong to the same conic. U

It would be interesting to visualize £, the locus of the points for which equality
holds. Below, we illustrate £ for a few different triangles.

L—
FIGURE 8. The locus £ for several triangles. The endpoints of the

horizontal edge are always (0,0) and (10,0). The coordinates of the
third vertex are (10, 8), (8, 8), (5.01,10), and (5, 10), respectively.
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6. Orthocenters on a conic in a Ceva configuration

This is probably the most visually striking result in the entire paper.

Theorem 6.1. Let Q) = [m,n,p| be a point in the plane of the reference triangle
ABC. Let M, N, P be the points where the cevians AQ, BQ, C(Q) meet the sides
BC, CA, AB. Denote by Hq, Hs, ... Hg the orthocenters of the triangles APQ),

BPQ, BMQ, CMQ, CNQ, and ANQ. Then these sixz points lie on the same
conic if and only if one of the following conditions holds

e () lies on one of the altitudes of ABC
e () lies on one of the circles of diameter BC, CA, or AB
e () lies on a certain quartic curve whose equation is going to be shown later.

A

H,
FIGURE 9. Orthocenters on a hyperbola

Proof. As in the previous proofs we compute the barycentric coordinates of H; =
[zi,yi, z;] and then impose condition . Recall that H; is the orthocenter of

APQ. We have
aOA+BOP +~00

e
H, =
Ot = T AQT = PO 1 2AP? - AQP + 24P - POP 1 242 - PO?

where

a=PQ" - (AQ* = AP?),f = AQ" — (AP® — PQ*)*,y = AP" — (AQ* — PQ*)".

Substituting AP?, AQ? and PQ? with the expressions given in (), we obtain that
r1 = (a* — 2a%V* — 2ac* + b* — 20°A% + ¢ )m? 4 (—2a2b* + 2b* — 2b°?)pm+-
+ (2a* — 4a?b* — 2a*c® + 2b* — 267 nm + (—a* + b* — 26 + ¢ )np+
+ (a* — 2a%0* + 2a*c + b* — 2b°c + c¢hn?,
y1 = (a*p — b*p — 2¢n — *p)(a®n + 20°m + b*n — c*n),
5 = (@ 2

a’p — b%p — 2¢*n — c*p)(a®*m + a*n — b?

m — b’n — c*m + c*n).



BeENJAMIN CHA, DAN ISMAILESCU, YEON W00 (AMELIA) TAE 31

Similar equalities hold for all H;, 2 <7 < 6. Substituting these coordinates in the
condition we obtain the following factorization

(10) O=A,-Ay-A3-C,-Cy-C5-Q where
Ay = (a® = b+ )n — (a* + 0> — A)p,
Ay = (a®>+ 0 —Ap— (—a®> + b+ Hm
As = (—a® +0* + Am — (a* — B> + H)n,
Cy = (a* +b* — A)ymp + (a® — b + A)mn — (—a® + b* + *)m? + 2a*np,
Cy = (—a®> +* + )mn + (a® + b* — )np — (a® — b* + *)n® + 2b°mp,
Cy = (a®> = 0>+ P)np + (—a*> + V> + )mp — (a* + b* — &)p* + 2mn.

and

Q = (a* — 2a°b* — 4a*c® + b* + 4b°* + 3 )min+
(a* — 4ab* — 2a*c® + 3b* + 4b°* + )mPp+
(2a* — 4a®0* 4 2b* — 6¢")m*n>+
(—2ab* — 2a202 + 20" — 120%¢% + 2¢Yym np+
(2a* — 4a*c® — 6b* + 2¢")m*p*+
(a* — 2a2b2 +4a*c® + b* — 4b*c* + 3ct)ymni+
(2a* — 2a*b* — 12a*c* — 2b*c* + 2" )mn’p+
(2a* — 12a%b* — 2a202 + 20* — 20%*)ymnp*+
(a* + 4a®b?* — 2a*c® + 3b* — 4b** + M )ympP+
(3a* — 4(12172 + 4a*c® 4 b* — 20°¢* 4 *)n’p+-
(—6a* + 2b* — 4b*c* + 2 n*p* +
+ (3a* + 4a*b® — 4a*c* + b — 20*c® + Mnp®.

+ o4+ o+ o+ o+ o+ o+

We claim that A; = 0 is the equation of the altitude from A onto BC. Indeed,
let A’ be the foot of the altitude from A. Then

a?+ b —c  [AAC] CA @+ -

2ab [ABC] _ BC &
Recall that A’ € BC. It follows that the barycentric coordinates of A’ = [0, a? +
b? — %, a* — b? + ¢?]. Using now relation (2.1)), the equation of the altitude AA’ is
n(a® — bv* 4+ c*) = p(a® + b* — ¢*), which is equivalent to A; = 0. Similarly, A; = 0
and Az = 0 represent the equations of the altitudes from B and C, respectively.

Next, we claim that C7; = 0 is the equation of the circle of diameter BC. The
midpoint of BC' has areal coordinates (0,1/2,1/2).

Using the distance formula (2.3)) to write the equation of the circle of radius a/2
centered at the midpoint of BC' we obtain

9 n 1 D 1 2 m n 1
_a —_—— — —_—— — j— —_— J—
m+n+p 2 m4+n+p 2 m4+n+p\m+n+p 2

, m p 1 a?
—c )
m+n+p\m+n+p 2 4’

CA = AC cos(£LC) =1 -
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which after simplification becomes
(a®> +b* — )ymn + (a® — b* + )mp — (—a® + b* + *)m® + 2npa® = 0,
and this is equivalent to C; = 0.

Similarly, C5, = 0 and C5 = 0 represent the equations of the circles of diameters
CA and AB, respectively. So the six orthocenters are on a conic if () lies on one
of the altitudes, or on one of the circles whose diameter is one of the sides. Notice
that these are degenerate situations.

If @ lies on the altitude AA’ then M = A’ = H3 = H, since both triangles BM Q)
and C M@ are right. In this case we have only five distinct orthocenters, and any
five points lie on a conic.

If @ lies on the circle of diameter BC then ZBQC = 90°, and therefore Hy =
Hs = @ since both triangles BPQ and C'N(Q are right. Again, we end up with
only five distinct orthocenters.

The most interesting factor of 2 is Q. This is a true quartic, in the sense that it
is not the union of two conics. It appears that for most triangles Q is the union
of two closed curves - see figure [10| for the case when triangle ABC' is equilateral,
or when ABC'is a triangle with side-lengths 3,5, and 7.

FIGURE 10. The quartic Q for (a) the equilateral triangle and (b) the
3 — 5 — 7 triangle.

For right triangles, @ seems to be a self intersecting curve - see figure (11| for the
case of a (3,4,5) right triangle.

It would be nice to find a simple geometric description of this quartic curve. Based
on the three examples presented above this is not going to be easy. O

7. 9-point centers on a conic in a Ceva configuration

For a given triangle ABC, we characterized the points ) with the property that
the centroids (circumcenters, incenters, orthocenters) of the six triangles deter-
mined by the cevians through @ lie on the same conic.
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FIGURE 11. The quartic curve Q in the case of a (3,4, 5) right triangle

It is natural to ask whether similar results hold for other triangle centers. Sur-
prisingly enough, such results are quite elusive. The main reason it that condition
(5) is difficult to handle, as €2 does not have a simple factorization.

We were able to find only one additional positive result, and this involves the
9-point center and the de Longchamps center of a triangle.

Let O denote the circumcenter, and let G denote the centroid of a triangle ABC.
The line OG is called the Euler line of ABC', and it is known that it contains
many triangle centers. In particular, it is known that O7>] = 3(?7, where H is the
orthocenter of ABC'.

The 9-point center of ABC, w, is the center of the circle that passes through
the midpoints of the edges, the feet of the altitudes and the midpoints of the
sgments which join the vertices to the orthocenter. It is easy to show that
Ow = %O@ The barycentric coordinates of w are [f(a,b,c), f(b,c,a), f(c,a,b)]
where f(a,b,c) = a*>(b* + ) — (b* — ¢*)2

The de Longchamps point of ABC, dL, is the point on the Euler line defined as
Odl, = —OH. Tts barycentrics are [g(a, b, c), g(b,c,a), g(c,a,b)] where g(a,b,c) =
—3a' + 2a%(b* + ) + (b — 2)%

Theorem 7.1. Let () = dL be the de Longchamps point of the reference triangle
ABC. Let M, N, P be the points where the cevians AQ, B(Q, C(Q meet the
sides BC', CA, AB. Let wy,ws,...wgs be the 9-point centers of the triangles APQ,
BPQ, BMQ, CMQ, CNQ, and ANQ. Then these siz points lie on the same

conic.

Proof. We proceed the same way as in the previous proofs. First, the coordinates
of Q are [f(a7 ba C), f(bv ¢, Cl), f(C7 a, b) where

f(a,b,c) = —=3a* + 2a*(b* + ) + (b* — ?)*.
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FIGURE 12. O=circumcenter, G—=centroid, H—orthocenter, w=9-point
center, dL= de Longchamps point

Next we compute the coordinates of w; = [x;,y;2;]. For instance, here are the
barycentrics of wy.

x1 = Ta® — 22a°% — 10a°¢* + 24a*b* + 10a*%? — 2a*c* — 10a20°+
+ 2a%b*¢? 4 2a%b*ct + 6ac® + b® — 205¢% + 20%c5 — &
Yy = —a® — 2a°? + 3a5¢® 4+ 12a*b* — 5a*h*c® — 3a’ct — 146205+
+9a%b' ¢ + 4a’b*ct + a*c® + 5b® — 70 — bt + 36%°
21 = —2a® + 8a°h? — ab¢® — 12a*b* 4 3a*b*? + 5atct + 84—
— 3a%b*c? — 6a%b*c? + ac® — 2% + 1% + bt + 3b2c5 — 3.
Similar expressions hold for the remaining five points. Finally, substitute these

values into condition . MAPLE returns €2 = 0, and this completes the proof.
O
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A

FIGURE 13. 9-point centers of a conic in a Ceva configuration deter-
mined by the de Longchamps point, d_L.

&. Final remarks

Prompted by a result of la Moen and a conjecture of Bradley, we studied the
following problem: Given a triangle ABC, for what locations of point () will the
centers of the six small triangles determined by the cevians through () lie on the
same conic?

We solved the problem completely for centroids, circumcenters, incenters and
orthocenters, and provided one instance for the 9-point centers. Our proofs rely
heavily on the areal/barycentric coordinates method. We also used MAPLE to
assist with the complicated calculations.

It would be nice to find computer-free (synthetic) solutions for some of these
results. These solutions will most likely involve the use of Pascal’s theorem which
gives necessary and sufficient conditions for six points to lie on a conic. There are
however limitations to this approach; for instance, it would be difficult to guess
the equation of the quartic curve (Q that appears in the proof of the orthocenters’
case.

Also, one may want to perform a more refined analysis that will help us decide
when the conic is an ellipse, a hyperbola, a parabola, or some degenerate conic (e.
g. the union of two lines). We plan to study these questions in the near future.

It is rather surprising that new results are possible in a field that dates back to
Euclid, Pythagoras, Ptolemy and Menelaus. This is particularly striking given
that the problem involves only basic triangle geometry concepts.

What gives us an edge over the ancient Greek geometers are the computers. Com-
puters are now used extensively to discover new conjectures by finding patterns
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in data or equations. Doron Zeilberger, a professor at Rutgers university lists
his computer Shalosh B. Ekhad, as his coauthor since the late 1980’s "to make a
statement that computers should get credit where credit is due."

Kenneth Appel and Wolfgang Haken proved the Four Colours Theorem in 1976
by checking automatically a large number of cases; in 1998 Thomas Hales made
extensive use of computers to prove the famous Kepler conjecture, about the
densest way to stack spheres.

It is our belief that computer assisted proofs and the rapid development of Al
tools will only become more common in the future.
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