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Abstract. In this paper we study the locus of the points P for which the sum
a"p>+b"pi+c"p? = const , where p,, py, p. are distances between the point P and the
vertexes of the triangle ABC. We make generalization for the sum kp? +Ip? +mp? =
const.
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1. INTRODUCTION

In this paper we study the locus of the points P for which the sum
o(n) = a™p? + b"p; + c"p? = const,

where p, = PA,p, = PB,p. = PC are distances between the point P with homo-
geneous barycentric coordinates (u : v : w),u 4+ v 4+ w # 0, and the vertexes of the
triangle ABC.

2. PRELIMINARIES

We shall work with homogeneous barycentric coordinates. We consider a nonde-
generate triangle ABC' as the reference triangle, and set up a coordinate system for
points in the plane of the triangle.
A=(1:0:00, B=(0:1:0), C=(0:0:1)
We shall make use of John H. Conway’s notations [3, §3.4.1]. Let S denote twice
the area of triangle ABC'. For a real number 6, denote Sy = S cot 6. In particular,
:b2+02—a2, SB:cLI—aQ—bQ’ SC:a2~|—b2—02
2 2 2
SB+Sc:a2, Sc+SA:b2, SA+SB:C2
Sap =545p, Spc=9585c, Sca=ScSa

Sa

IThis article is distributed under the terms of the Creative Commons Attribution License which
permits any use, distribution, and reproduction in any medium, provided the original author(s)
and the source are credited.
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1
S% = Sup + Spc + Sca = Z(2a2b2 + 20%¢* 4 2c%a® — a* — b — )

Definition 1. 3| §7.1] The distance formula in homogeneous barycentric
coordinates

IfP=(zr:y:2)and @ = (u:v:w), the square distance between P and @ is
given by:
1

2 _
‘PQ|_(u+v+wP@+y+z)

5 Y Sal(v+w)z —uly + 2))?
cyclic
Definition 2. [3, §4.4| Pedal triangle

The pedals P,, P,, P. of a point P = (u:v:w),u+v+w # 0 are the intersections
of the sidelines with the corresponding perpendiculars through P . The triangle
P,P,P. is called the pedal triangle of triangle ABC and P .

P, 0 Scu+ a’v  Sgu + a’w
(1) B, | = | Scv+ b*u 0 Sav + b*w
P. Spw + Au Siw + v 0

Definition 3. [3 §7.2.1] Circle with radius p
The equation of the circle with center (u : v : w) and radius p is:
*v? + 250w + b?w? I R
(u+v+w)?

a’yz +b*zx + oy — (v +y + 2) Z

cyclic
3. SQUARE DISTANCES

The square distances between P and the vertexes of triangle ABC' are:
s SpvP 4+ Scw?+ Sa(v+w)? AP+ bPw® + 250w

Pa (u+v+w)? - (u+ v+ w)?
2) 2= Scw? 4+ Sau* + Sp(w+u)?  a*w® + *u® + 2Spwu
b i =
(u+ v+ w)? (u+v+w)?
2= Sau* + Spv? + Sc(u + v)? _ v’u? + a*v? + 2Scuv
¢ (u+v+w)? (u+v+w)?

4. 0(0) = p2 + p} + p?

0(0) = pa +1p +p:
Sp(2v% + (w + u)?) + Sc(2w? + (u + v)?) + Sa(2u® + (v + w)?)
a (u+v+w)?
(b + A)u? + (2 + a*)v? + (a® + b*)w? + 2540w + 2Spwu + 2Scuv
(u+v+w)?

When P =G = (1:1: 1), the centroid’ of ABC :

1
0c(0) = g(a2 +b% +¢?)

2The centroid appears in ETC [2] as the point X .
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Theorem 1. Let Cg, be a circle with center G and radius p. For the points of the
circle Cg,, 0(0) = const.

FIGURE 1.

Proof. .
The equation of the circle Cg, is:

1
agyz—i—bez—&—czmy—g(x—l—y—l—z)((2SA+b2+02)33+(253+02+a2)y+(250+a2+b2)z—9p2(gc—i—y—i—z)) =0
For point P = (u: v : w) € Cg,, (p = const) :
1 1 1 1
§(a2 —2b% — 2¢%)u? + 5(—2612 + 1% — 2c*)v? + 5(—2a2 — 2% + Aw? + 5(5(12 —b? = P)ow
1 1
+ = (—a* = b* + 5¢%)uv + §(—a2 + 502 — A wu + p*(u+v +w)? =0

9
Or
%(a2 +0%+ 2+ 90 (u+v+w)?
B 3((0% 4+ A)u? + (2 + a®)v? + (a® + b?)w? + 2Sqvw + 2Spwu + 2Scuv) 0
5 =
%(a2 + 04+ 4+ 90 (u+ v +w)? — %U(O).(u +v4+w)?=0
1
o(0) = §<a2 +b% 4+ +9p%) = 0¢(0) + 3p* = const.
(See I, Theorem 5.17, p. 110]) O

Corollary 1. For distances p, = PA,p, = PB,p. = PC between point P and the
vertexes of the triangle ABC' is valid

(a® +b* + c*)

W

po+ D+ >

with equality if and only of P = G.
5. o(1) = ap? + bp} + cp?
(1) = ap; + by, + cp;

_be(b+ o)u® + ca(c + a)v® + ab(a + b)w? + 2aSvw + 2bSpwu + 2cScuv
B (u+v+w)?
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When P=1= (a:b:c), the incentelﬁ of ABC' :
or(1) = abe
Theorem 2. Let Cz, be a circle with center I and radius p. For the points of the
circle Cz,, o(1) = const.
Proof. . The equation of the circle Cz, is:

(z+y+2)

— —_— — _— 2 =
P (be(—a+b+c)z+ca(a—b+c)y+ab(a+b—c)z—(a+b+c)(z+y+2)p°) =0

alyz+b2rzt-ciay—

For point P = (u: v : w) € Cz,, (p = const) :

m(bc(a —b—c)u® +ca(—a+b— c)v® + ab(—a — b+ c)w?
+a(a® — (b — c)H)vw + ¢(c® — (a — b)*)uv + b(b* — (¢ — a)*)wu)
+(a+b+c)(u+v+w)p?)=0

Or

be(b + c)u® + calc + a)v? + ab(a + b)w? + 2aS svw + 2bSpwu + 2cScuv
—(abc+ (a+b+c)p>)(u+v+w)? =0

o(1)(u+v+w)? — (abc + (a + b+ c)p?)(u+v+w)* =0

(3) o(1) = abc+ (a+b+c)p* = 7(1) + (a+ b+ ¢)p* = const.
U

Corollary 2. For distances p, = PA,p, = PB,p. = PC between point P and the
vertexes of the triangle ABC' is valid

ap? + bp; + cp? > abe
with equality if and only if P = 1.

6. 0(2) = a’p; + bpj + *p;

o(2) = a’pl + b°p; + *p?

(4) B 2(0?cu? + a?c?v? + a’b*w? + a?S vw + B2Spwu + 2 Scuw)
B (u+v+w)?
When P = K = (a®: b : ¢?), the symmedian centeif] of ABC' :
3ab?c?
2)) = ——+——
x(2) a? + b% + 2

Theorem 3. Let Cx, be a circle with center K and radius p. For the points of the
circle Cx,, 0(2) = const.

Proof. . The equation of the circle Cx,, is:
(z+y+2)
(a2 +b2 +62)2
+a?b*(2a® + 20 — )z — (> + P+ )z +y+2)p*) =0

a’yz + b2xz + Ay — (b2%(—a® + 2% + 2¢®)z + 2a?(2a% — b* + 22y

3The incenter appears in ETC [2] as the point X; .
4The symmedian center appears in ETC [2] as the point Xg .
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Or
b2 (—2a% — 20% — 2¢% + 3a®)x? + 2a?(—2a% — 207 — 2¢% + 3b%)y? + a?b?(—2a% — 20% — 2¢% + 3¢?) 22
+a?(a* = b* = 20%c% — ¢ 4 662 )yz + b3 (—a* + b* — 2a%c* — ¢t + 6a*c?)zx

+ A (—a* = 2a%0* — b 4 * 4+ 600 )zy + p*(a® + 02+ Az +y+2)2 =0

2(a? + % + ) (b Px? + a’y? + a®b? 2 + a*Sayz + b Spza 4+ *Scxy)
—3a’b*P(z+y+2)? — PP+ 2+ ) (r+y+2)2 =0
For point P = (u: v : w) € Cx,, (p = const) :
2(a® + b + ) (b?cPu? + 2a*v? + a*b*w? + a>Savw + b2 Spwu + 2 Scuw)
—3a** A (u+v+w) —p*(a® + b+ A (ut+v+w)?=0
By :

(a? + 0% + Ao (2).(u+ v+ w)? = 3a?b*cE(u+v +w)? — p*(a® +b? + ) (u+v+w)? =0

(u+ v+ w)*(0(2).(a® + b* + ¢*) — 3a*b*c® — p*(a® + b* + *)?) =0
3a’b*c?

)= ————
o(2) a? + b2 + 2

+ (a® + b° + *)p® = 0k (2) + (a® + b + *)p* = const.
0

Corollary 3. For distances p, = PA,p, = PB,p. = PC between point P and the

vertexes of the triangle ABC' is valid

3a%b*c?

2,2 2.2, 22

a +b"p; + ¢ Z
P Dy DPe CL2 +b2 +CQ

with equality if and only if P = K.

7. GENERALIZATION — o = kp? + Ip? + mp?

o = kp2 + lp; +mp?
(b*m + ADu?* + (Pk + a®*m)v? + (a®l + b*k)w? + 2kS 40w + 21Spwu + 2mScuv
(u+v+w)?

7.1. k+14+m #0. When P = @ with homogeneous barycentric coordinates (k : [ :
m),
a’lm + b*mk + 2kl
(5) 0Q =
kE+1+m

Theorem 4. Let Cg, be a circle with center Q = (k : 1l :m),k+1+m # 0 and
radius p. For the points of the circle Cg,, 0 = const.

Proof. . The equation of the circle Cg, is:
(6)

a’yz + b2xz + Ay — m((b2m2 + P12+ 2imSa)x + (2k? + a®m? + 2kmSp)y

+ (a®1? + 0% k* +2klSc)z — (k+14+m)*(x +y + 2)p*) =0
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In other words,
(=212 + a®lm — b?Im — Plm — b®*m?)2? + (=?k* — a®km + bPkm — Pkm — a®>m?)y?
+ (- b2k2 a’kl — b*kl + c*kl — a*1%)2*
+ (a%k* = b?k? — 2k? + a®kl — b2kl + Pkl + a*km + b2 km — *km + 2a*Im)yz
+ (- le + b2kl + Pkl — a®12 + 0212 — P12 + 26%km + a®lm + b2lm — c2lm)zx
+ (2¢%kl — a®km 4 VPkm 4 km 4 a®lm — b*lm + 2lm — a*m? — b*m? + 2m?)xy
+(k+1+m)*(x+y+2)%p* =0
For point P = (u: v : w) € Cg,, (p = const) :
((a®lm + b*mk + k1) — ((b*m + 1) (k +1+m)))u?
+ ((a®lm + b*mk + 2kl) — ((2k + a®*m)(k + 1 +m)))v?
+ ((a®lm + b*mk + ¢?kl) — ((a®1 + b%K) (k + 1 +m)))w?
+ 2((a®lm + b*mk + ?kl) — Sak(k + 1+ m))vw
+ 2((a®lm + b*mk + 2kl) — Spl(k 4 1 +m))wu
+ 2((a®lm + b*mk + ¢*kl) — Sc (k +1+m))uv
+(k+1+m)(u+v+w)’p® =

(@®lm + b*mk + A2kl) (u 4 v + w)?
— ((1*m + AD)u? + (Pk + a®>m)v? + (a1 + b2 k)w? + 2kSavw + 21Spwu + 2mScuv).(k + 1 +m)
+ (k+1+m)*(u+v+w)?p?)=0

(a®lm + b*mk + k) (u +v+w)? —o.(k +1+m)(u+v+w)? + (k+1+m)*(u+v+w)*p®) =0

2] b>mk + 2kl
(7) a_aml;:lﬂjr?;c + (k+1+m)p* =0g + (k+1+m)p* = const.

72. k+1l+m=0. .
LEk=l=m=0
o = kp? + Ip? + mp? = 0 for all points P.

ILE=0,l=—m#0

The infinite point of the sideline BC'is (0: —=1:1) = (0: —m :m) = (k: [ : m), see
[3, §4.2.1].

Let D be a point on the sideline BC, and d = BD is signed length of the segment
BD.

op = —mBD? +mCD? = m(—d* + (c — d)*) = me(c — 2d)
Let £ be perpendicular from D to BC and P lies on the line L.
o =—mBP? +mCP? = —m(BD? + DP*) + m(CD? + DP?) = op = const
for all points of the line £, (d = const).

ML E#£01£0,m#0k+l+m=0
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Lemma 1. Let [ be line through G = (1 : 1 : 1) with infinite point (k : 1 :m),k+1+
m = 0. Construct the perpendicular feet Ay, By, Cy of A, B,C on the line l. Prove
a) AAT + BB; + CC; =0 ;

b) kAA, + BB, + mCC, = 0.

Proof. The point () with homogeneous barycentric coordinates (k : [ : m), k+1+m =
0 is infinite point. Parallel lines have the same infinite point. The line [ through
G = (1:1:1) with infinite point () has equation (see [3], §4.2.2]) :

k'l m

1 1 1}/=0

x oy z

Or l: (—m)z+(m—-ky+(k—-0)z=0

FIGURE 2.

The lines perpendicular to [ have infinite point (see [3] §4.5]) :
Q' = (Sl — Sem : Sem — Sak : Sak — Spl)
The line £ 4 through A perpendicular to [ has equation
Spl — Sem  Sem — Sak  Syk — Spl

1 0 0 =0
X Y z
Or EA . (SAk—SBl)y—(SCm—SAk)ZZO

Let Ay =1N Ly4. In absolute barycentric coordinates is
_ 2k2S 4 + 12Sp + m2Se — 2kl — bzkmA
)
n (I — m)(k?A — mSC)B N (I — m)(l?B — kSa)
§ = 2k%2S4 + 21255 + 2m2Sc — Akl — b*km — a®lm
A A ((l — m)(TrgSc —1SB) : (11— m)(kiA —mS¢) : (1 — m)(l?B - k;SA))

A

C
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By analogy:
_ ((m—=Ek)(mSc —1Sp) (m —k)(kSx—mSc) (m —k)(ISp — kSx)
By —B= ( 5 < : . ¢, 5 )
~ [((E=10)(mSc —1Sp) (k—1)(kSa—mSc) (k—1)(1Sp —kSa)
C,—C = ( 5 : 5 : 5 )
Hence

AA]+ BB +CCi = (A, —A)+(Bi—B)+(C;, —C)=0
kAA] + BB +mCCy = k(A — A) + (B, — B)+m(C, —C) =0

0

Remark. The condition from Lemma |l|a) is independent from k, 1, m and it is true
for all lines through G. See [1, Theorem 5.19, p. 112]

Theorem 5. Let | be line through G = (1 : 1 : 1) with infinite point (k : 1 :
m),k+1+m =0. Let L is a line perpendicular to l. For all points P of the line L,
o = kp2 + lp; + mp? = const.

Proof. Let the point P lies on the line £ and P, = [ N L. See Figure 2| Let
o, = kP, A% + P, B>+ mP,C*.
o1 = kPl A* + P B*> + mPC”
= k(P A} + AAY) + I(P,B} + BB;) + m(P.C} + CCY)
o =kPA? +PB* + mPC?

— K(PLA? + (AA, + PLP)?) + I(PLB? + (BB, + PLP)?) + m(P,C? + (CC, + PLP)?)

=0+ (k+14+m) ]ﬁQ + 2P, P(kAA;, + BB + mC’C’l)

By Lemmall} kAA, + (BB, +mCC) = 0. Hence

o = 01 = const.

8. o(n) = a"p; +V"p; + c"p;

o(n) =a"p; +b"pj + "1
(0P + AbMut 4 (Pa + a*c)o? + (a4 b2a™)w? + 2a"S qvw + 20" Spwu + 2¢" Scuv
- (u+v+w)?

When P has homogeneous barycentric coordinates (a™ : ™ : ¢"), see ,
a’bnc® + b ca™ + ctamb”
a” 4 b + ¢
Theorem 6. Let Co, be a circle with center Q = (a” : b" : ") and radius p. For
the points of the circle Cg,, o(n) = const.

og(n) =

Proof. . The equation of the circle Cg, is , see @:

(z+y+2)

(an - o - Cn)g ((bQCQn + CQan T 2annSA){,C + (02a2n + a2c2n + 2(1”0”55)3]

alyz + b?xz + Pay —

+ (a®V*" + b%a®" 4 24" Sc)z — (™ + 0" + )2 (x 4+ y + 2)p?)

=0
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For point P = (u: v : w) € Cg,, (p = const) , see ([7) :
B a2bncn+b2cnan+62anbn

o(n) = @b o +(a"+b"+")p* = og(n)+(a"+b"+c")p* = const.
O

Corollary 4. For distances p, = PA,p, = PB,p. = PC between point P and the
vertexes of the triangle ABC' is valid

a’b"c + b ca™ + ctamb”
a™ + b" + ¢
with equality if and only if P has homogeneous barycentric coordinates (a™ : b"™ : ¢").

a"pl + b'py + 'l >

9. PEDAL TRIANGLE

FIGURE 3.

Theorem 7. Let k+1+m # 0. Let Cg, be a circle with center Q = (k :1:m) and
radius p. For the points P of the circle Cg,,

k l
— PP’ + = P.P2+ 2 P,P> = const.
a b2 c?

Proof. The quadrilaterals PP,AP., PP.BP,, PP,C'P, are inscribed quadrilaterals
with diameters of the circles PA, PB, PC' respectively, Figure 3] By the law of
sines applying to triangles AP, P., BP.P,, CP,P,, we have

P,P.= PAsinA, P.P,=PBsinB, P,P,=PCsinC
Applying the law of sines to triangle ABC, we have

. a . b ) c
SinA = IR sinB = T sinC' = 3R
It follows that
aPA bPB cPC
lhe=g » Fhe=rgp . Lh=55

k z kPA? + IPB? + mPC?
S RPi+—PPry appro TR AT
a b2 c?

4R?
allm +b®mk + 2kl k+1+m )
T ARG lm) T ag T eomst (see Theorem [])
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U

Theorem 8. Let k+1+m = 0. Let | be line through G = (1 : 1 : 1) with infinite
point (k:1:m). Let L is a line perpendicular to l. For all points P of the line L

k l
—2PbPC2 + —P.P>+ mPan2 = const.
a b? c?

Proof. By Theorem [5| follows

k 2 [ 2, M 2
?Pch + b_QPCP“ + gPan
kPA? +PB? + mPC? o
= 1R = 1R = const.

10. EXAMPLES

10.1. Incircle.

Example 1. Let P be a point on incircle of triangle ABC with S — twice the area
of triangle. Then
S2

a.PA2 +b.PB*>+ ¢.PC? = abc + —————
a+b+c

Proof. 1t is known that the inradius r = ﬁ From

2

_ 2 _
o(l)=abc+ (a+b+c)r —abc+a+b+c

10.2. Circumcircle.

Example 2. Let P be a point on the circumcircle of triangle ABC. Then sum
a?Sap2 + b*Spp; + AScp? = a®b* .

Proof. 1t is known that the circumcenterﬂ has homogeneous barycentric coordinates

O = (a?S4 : b*Sp : 2Sc) (See [3) §3.1.1]) and circumradius R = %< . From :

CL2SA]?(2l + b2SBp§ + CQScpg
_ aQb2CQ(SBSC + 5054+ SASB)

26, 1+ 125, + 2S0) R?
25,1 5, 1 25, (@St b8+ cSe)

a’b*c*S? (abc)?
= ——— +25°
252 452
— 2B

5The circumcenter appears in ETC [2] as the point X3 .
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10.3. Euler line.

Example 3. Let P be a point on the Euler line of triangle ABC. The sum o =
(b* — A)p2 + (* — a®)pi + (a* — b*)p? = 0.

Proof. The line containing O, G, H is called the Euler line of triangle ABC' .

The equation of the Euler line L¢, as the line joining the centroid G = (1:1:1) to
the orthocenter H = (Spc : Sca = Sap) is (see |3, §4.1.2])

(Sap — Sca)r + (Spe — Sap)y + (Sca — Spe)z =0

The infinite point of the Euler line is the point X3y = (3Spc — S? : 3Sga — S? :
3Sap — S?%). The infinite point of the line [ perpendicular to Euler line is (S¢ — Sp :
Sa—Sc:Sp—8c)=(*—c*:c—a%:a® - V).

For point O, 0 = (b* — ¢*)R* + (¢* — a*)R* + (a®* — b*)R* = 0.

For point G,

o= (*—c*) (gma)2 + (¢* — a?) (gmb)Q + (a® — b%) (gmc)Q

(0* — ) (20* + 2¢% — a®) + (¢ — a®)(2¢% + 2a* — b?)
2 b?)(2a% +20* — ) =0

1
9
+ (a

According Theorem [5| the sum o = (b* — ¢*)p? + (¢* — a?)p} + (a* — b*)p? = const = 0
for all points P from the Euler line Le¢. U

10.4. Same inequalities. See corollary [4]

n | Center Q | o(n) = a"p? + b"p} + " p?

a2b2c (a26%+b2c2 +-c%a?)
4 X32 U(4> > At bitcl

a?b?c? (ab4-bct-ca)
3 X31 0(3> = = PENR A

212 .2
2| K=X5 |0(2) > g%in

) > w A at b J)
= 3725 b3/24¢3/2

N
e
=]
ot

o3
1| I=X; |o(1) >abe

O-(l) /abc(a3/2+b3/2+c3/2)
2/ = Va+vbty/c

0| G=Xo |0(0) > 3(a®>+ b+ c?)

N[ —=
fa
S

— — a’4b34c?
1 X75 0( 1) > ab+bc+-ca

at+bi4ct
2| Xz | 0(=2) 2> mprpaiee




TODOR ZAHARINOV 47

REFERENCES

[1] A. Posamentier, Advanced Euclidean geometry : excursions for secondary teachers and stu-
dents, 2002, The City College, The City University of New York.

[2] C. Kimberling, Encyclopedia of Triangle Centers, ETC, http://faculty.evansville.edu/
ck6/encyclopedia/ETC.html|.

[3] P.Yiu, Introduction to the Geometry of the Triangle, 2001 - 2013, Version 13.0411, Department
of Mathematics Florida Atlantic University.


http://faculty.evansville.edu/ck6/encyclopedia/ETC.html
http://faculty.evansville.edu/ck6/encyclopedia/ETC.html

	1. Introduction
	2. Preliminaries
	3. Square distances
	4. (0) = pa2 + pb2 + pc2
	5. (1) = a pa2 + b pb2 + c pc2
	6. (2) = a2 pa2 + b2 pb2 + c2 pc2
	7. Generalization — = k pa2 + l pb2 + m pc2
	7.1. k+l+m =0
	7.2. k+l+m = 0

	8. (n) = an pa2 + bn pb2 + cn pc2
	9. Pedal triangle
	10. Examples
	10.1. Incircle
	10.2. Circumcircle
	10.3. Euler line
	10.4. Same inequalities

	References

