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Abstract. In this paper we study the locus of the points P for which the sum
anp2a+b

np2b+c
np2c = const , where pa, pb, pc are distances between the point P and the

vertexes of the triangle ABC. We make generalization for the sum kp2a+ lp
2
b+mp

2
c =

const.
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1. Introduction

In this paper we study the locus of the points P for which the sum

σ(n) = anp2a + bnp2b + cnp2c = const,

where pa = PA, pb = PB, pc = PC are distances between the point P with homo-
geneous barycentric coordinates (u : v : w), u + v + w 6= 0, and the vertexes of the
triangle ABC.

2. Preliminaries

We shall work with homogeneous barycentric coordinates. We consider a nonde-
generate triangle ABC as the reference triangle, and set up a coordinate system for
points in the plane of the triangle.

A = (1 : 0 : 0) , B = (0 : 1 : 0) , C = (0 : 0 : 1)

We shall make use of John H. Conway’s notations [3, §3.4.1]. Let S denote twice
the area of triangle ABC. For a real number θ, denote Sθ = S cot θ. In particular,

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2

SB + SC = a2 , SC + SA = b2 , SA + SB = c2

SAB = SASB , SBC = SBSC , SCA = SCSA

1This article is distributed under the terms of the Creative Commons Attribution License which
permits any use, distribution, and reproduction in any medium, provided the original author(s)
and the source are credited.
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S2 = SAB + SBC + SCA =
1

4
(2a2b2 + 2b2c2 + 2c2a2 − a4 − b4 − c4)

Definition 1. [3, §7.1] The distance formula in homogeneous barycentric
coordinates
If P = (x : y : z) and Q = (u : v : w) , the square distance between P and Q is
given by:

|PQ|2 = 1

(u+ v + w)2(x+ y + z)2

∑
cyclic

SA((v + w)x− u(y + z))2

Definition 2. [3, §4.4] Pedal triangle
The pedals Pa, Pb, Pc of a point P = (u : v : w), u+ v+w 6= 0 are the intersections
of the sidelines with the corresponding perpendiculars through P . The triangle
PaPbPc is called the pedal triangle of triangle ABC and P .

(1)

PaPb
Pc

 =

 0 SCu+ a2v SBu+ a2w
SCv + b2u 0 SAv + b2w
SBw + c2u SAw + c2v 0


Definition 3. [3, §7.2.1] Circle with radius ρ
The equation of the circle with center (u : v : w) and radius ρ is:

a2yz + b2zx+ c2xy − (x+ y + z)
∑
cyclic

(
c2v2 + 2SAvw + b2w2

(u+ v + w)2
− ρ2

)
x = 0

3. Square distances

The square distances between P and the vertexes of triangle ABC are:

p2a =
SBv

2 + SCw
2 + SA(v + w)2

(u+ v + w)2
=
c2v2 + b2w2 + 2SAvw

(u+ v + w)2

p2b =
SCw

2 + SAu
2 + SB(w + u)2

(u+ v + w)2
=
a2w2 + c2u2 + 2SBwu

(u+ v + w)2

p2c =
SAu

2 + SBv
2 + SC(u+ v)2

(u+ v + w)2
=
b2u2 + a2v2 + 2SCuv

(u+ v + w)2

(2)

4. σ(0) = p2a + p2b + p2c

σ(0) = p2a + p2b + p2c

=
SB(2v

2 + (w + u)2) + SC(2w
2 + (u+ v)2) + SA(2u

2 + (v + w)2)

(u+ v + w)2

=
(b2 + c2)u2 + (c2 + a2)v2 + (a2 + b2)w2 + 2SAvw + 2SBwu+ 2SCuv

(u+ v + w)2

When P = G = (1 : 1 : 1), the centroid2 of ABC :

σG(0) =
1

3
(a2 + b2 + c2)

2The centroid appears in ETC [2] as the point X2 .



38 Sums With Square Distances Between a Point and Vertexes

Theorem 1. Let CGρ be a circle with center G and radius ρ. For the points of the
circle CGρ, σ(0) = const.

Figure 1.

Proof. .
The equation of the circle CGρ is:

a2yz+b2xz+c2xy−1

9
(x+y+z)((2SA+b

2+c2)x+(2SB+c
2+a2)y+(2SC+a

2+b2)z−9ρ2(x+y+z)) = 0

For point P = (u : v : w) ∈ CGρ, (ρ = const) :
1

9
(a2 − 2b2 − 2c2)u2 +

1

9
(−2a2 + b2 − 2c2)v2 +

1

9
(−2a2 − 2b2 + c2)w2 +

1

9
(5a2 − b2 − c2)vw

+
1

9
(−a2 − b2 + 5c2)uv +

1

9
(−a2 + 5b2 − c2)wu+ ρ2(u+ v + w)2 = 0

Or
1

9
(a2 + b2 + c2 + 9ρ2)(u+ v + w)2

− 3((b2 + c2)u2 + (c2 + a2)v2 + (a2 + b2)w2 + 2SAvw + 2SBwu+ 2SCuv)

9
= 0

1

9
(a2 + b2 + c2 + 9ρ2)(u+ v + w)2 − 1

3
σ(0).(u+ v + w)2 = 0

σ(0) =
1

3
(a2 + b2 + c2 + 9ρ2) = σG(0) + 3ρ2 = const.

(See [1, Theorem 5.17, p. 110]) �

Corollary 1. For distances pa = PA, pb = PB, pc = PC between point P and the
vertexes of the triangle ABC is valid

p2a + p2b + p2c >
1

3
(a2 + b2 + c2)

with equality if and only if P = G.

5. σ(1) = ap2a + bp2b + cp2c

σ(1) = ap2a + bp2b + cp2c

=
bc(b+ c)u2 + ca(c+ a)v2 + ab(a+ b)w2 + 2aSAvw + 2bSBwu+ 2cSCuv

(u+ v + w)2
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When P = I = (a : b : c), the incenter3 of ABC :

σI(1) = abc

Theorem 2. Let CIρ be a circle with center I and radius ρ. For the points of the
circle CIρ, σ(1) = const.

Proof. . The equation of the circle CIρ is:

a2yz+b2xz+c2xy− (x+ y + z)

a+ b+ c
(bc(−a+b+c)x+ca(a−b+c)y+ab(a+b−c)z−(a+b+c)(x+y+z)ρ2) = 0

For point P = (u : v : w) ∈ CIρ, (ρ = const) :
1

a+ b+ c
(bc(a− b− c)u2 + ca(−a+ b− c)v2 + ab(−a− b+ c)w2

+ a(a2 − (b− c)2)vw + c(c2 − (a− b)2)uv + b(b2 − (c− a)2)wu)
+ (a+ b+ c)(u+ v + w)2ρ2) = 0

Or

bc(b+ c)u2 + ca(c+ a)v2 + ab(a+ b)w2 + 2aSAvw + 2bSBwu+ 2cSCuv

− (abc+ (a+ b+ c)ρ2)(u+ v + w)2 = 0

σ(1)(u+ v + w)2 − (abc+ (a+ b+ c)ρ2)(u+ v + w)2 = 0

(3) σ(1) = abc+ (a+ b+ c)ρ2 = σI(1) + (a+ b+ c)ρ2 = const.

�

Corollary 2. For distances pa = PA, pb = PB, pc = PC between point P and the
vertexes of the triangle ABC is valid

ap2a + bp2b + cp2c > abc

with equality if and only if P = I.

6. σ(2) = a2p2a + b2p2b + c2p2c

σ(2) = a2p2a + b2p2b + c2p2c

=
2(b2c2u2 + a2c2v2 + a2b2w2 + a2SAvw + b2SBwu+ c2SCuv)

(u+ v + w)2
(4)

When P = K = (a2 : b2 : c2), the symmedian center4 of ABC :

σK(2) =
3a2b2c2

a2 + b2 + c2

Theorem 3. Let CKρ be a circle with center K and radius ρ. For the points of the
circle CKρ, σ(2) = const.

Proof. . The equation of the circle CKρ is:

a2yz + b2xz + c2xy − (x+ y + z)

(a2 + b2 + c2)2
(b2c2(−a2 + 2b2 + 2c2)x+ c2a2(2a2 − b2 + 2c2)y

+ a2b2(2a2 + 2b2 − c2)z − (a2 + b2 + c2)2(x+ y + z)ρ2) = 0

3The incenter appears in ETC [2] as the point X1 .
4The symmedian center appears in ETC [2] as the point X6 .



40 Sums With Square Distances Between a Point and Vertexes

Or
b2c2(−2a2 − 2b2 − 2c2 + 3a2)x2 + c2a2(−2a2 − 2b2 − 2c2 + 3b2)y2 + a2b2(−2a2 − 2b2 − 2c2 + 3c2)z2

+ a2(a4 − b4 − 2b2c2 − c4 + 6b2c2)yz + b2(−a4 + b4 − 2a2c2 − c4 + 6a2c2)zx

+ c2(−a4 − 2a2b2 − b4 + c4 + 6a2b2)xy + ρ2(a2 + b2 + c2)2(x+ y + z)2 = 0

2(a2 + b2 + c2)(b2c2x2 + c2a2y2 + a2b2z2 + a2SAyz + b2SBzx+ c2SCxy)

− 3a2b2c2(x+ y + z)2 − ρ2(a2 + b2 + c2)2(x+ y + z)2 = 0

For point P = (u : v : w) ∈ CKρ, (ρ = const) :

2(a2 + b2 + c2)(b2c2u2 + c2a2v2 + a2b2w2 + a2SAvw + b2SBwu+ c2SCuv)

− 3a2b2c2(u+ v + w)2 − ρ2(a2 + b2 + c2)2(u+ v + w)2 = 0

By (4):

(a2 + b2 + c2)σ(2).(u+ v + w)2 − 3a2b2c2(u+ v + w)2 − ρ2(a2 + b2 + c2)2(u+ v + w)2 = 0

(u+ v + w)2(σ(2).(a2 + b2 + c2)− 3a2b2c2 − ρ2(a2 + b2 + c2)2) = 0

σ(2) =
3a2b2c2

a2 + b2 + c2
+ (a2 + b2 + c2)ρ2 = σK(2) + (a2 + b2 + c2)ρ2 = const.

�

Corollary 3. For distances pa = PA, pb = PB, pc = PC between point P and the
vertexes of the triangle ABC is valid

a2p2a + b2p2b + c2p2c >
3a2b2c2

a2 + b2 + c2

with equality if and only if P = K.

7. Generalization — σ = kp2a + lp2b +mp2c

σ = kp2a + lp2b +mp2c

=
(b2m+ c2l)u2 + (c2k + a2m)v2 + (a2l + b2k)w2 + 2kSAvw + 2lSBwu+ 2mSCuv

(u+ v + w)2

7.1. k+ l+m 6= 0. When P = Q with homogeneous barycentric coordinates (k : l :
m),

(5) σQ =
a2lm+ b2mk + c2kl

k + l +m

Theorem 4. Let CQρ be a circle with center Q = (k : l : m), k + l + m 6= 0 and
radius ρ. For the points of the circle CQρ, σ = const.

Proof. . The equation of the circle CQρ is:

a2yz + b2xz + c2xy − (x+ y + z)

(k + l +m)2
((b2m2 + c2l2 + 2lmSA)x+ (c2k2 + a2m2 + 2kmSB)y

+ (a2l2 + b2k2 + 2klSC)z − (k + l +m)2(x+ y + z)ρ2) = 0

(6)
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In other words,
(−c2l2 + a2lm− b2lm− c2lm− b2m2)x2 + (−c2k2 − a2km+ b2km− c2km− a2m2)y2

+ (−b2k2 − a2kl − b2kl + c2kl − a2l2)z2

+ (a2k2 − b2k2 − c2k2 + a2kl − b2kl + c2kl + a2km+ b2km− c2km+ 2a2lm)yz

+ (−a2kl + b2kl + c2kl − a2l2 + b2l2 − c2l2 + 2b2km+ a2lm+ b2lm− c2lm)zx

+ (2c2kl − a2km+ b2km+ c2km+ a2lm− b2lm+ c2lm− a2m2 − b2m2 + c2m2)xy

+ (k + l +m)2(x+ y + z)2ρ2 = 0

For point P = (u : v : w) ∈ CQρ, (ρ = const) :
((a2lm+ b2mk + c2kl)− ((b2m+ c2l)(k + l +m)))u2

+ ((a2lm+ b2mk + c2kl)− ((c2k + a2m)(k + l +m)))v2

+ ((a2lm+ b2mk + c2kl)− ((a2l + b2k)(k + l +m)))w2

+ 2((a2lm+ b2mk + c2kl)− SAk(k + l +m))vw

+ 2((a2lm+ b2mk + c2kl)− SBl(k + l +m))wu

+ 2((a2lm+ b2mk + c2kl)− SCm(k + l +m))uv

+ (k + l +m)2(u+ v + w)2ρ2 = 0

(a2lm+ b2mk + c2kl)(u+ v + w)2

− ((b2m+ c2l)u2 + (c2k + a2m)v2 + (a2l + b2k)w2 + 2kSAvw + 2lSBwu+ 2mSCuv).(k + l +m)

+ (k + l +m)2(u+ v + w)2ρ2) = 0

(a2lm+ b2mk + c2kl)(u+ v + w)2 − σ.(k + l +m)(u+ v + w)2 + (k + l +m)2(u+ v + w)2ρ2) = 0

(7) σ =
a2lm+ b2mk + c2kl

k + l +m
+ (k + l +m)ρ2 = σQ + (k + l +m)ρ2 = const.

�

7.2. k + l +m = 0. .
I. k = l = m = 0

σ = kp2a + lp2b +mp2c = 0 for all points P .

II. k = 0, l = −m 6= 0

The infinite point of the sideline BC is (0 : −1 : 1) = (0 : −m : m) = (k : l : m), see
[3, §4.2.1].
Let D be a point on the sideline BC, and d = BD is signed length of the segment
BD.

σD = −mBD2 +mCD2 = m(−d2 + (c− d)2) = mc(c− 2d)

Let L be perpendicular from D to BC and P lies on the line L.
σ = −mBP 2 +mCP 2 = −m(BD2 +DP 2) +m(CD2 +DP 2) = σD = const

for all points of the line L, (d = const).

III. k 6= 0, l 6= 0,m 6= 0, k + l +m = 0
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Lemma 1. Let l be line through G = (1 : 1 : 1) with infinite point (k : l : m), k+ l+
m = 0. Construct the perpendicular feet A1, B1, C1 of A,B,C on the line l. Prove

a)
−−→
AA1 +

−−→
BB1 +

−−→
CC1 = 0 ;

b) k
−−→
AA1 + l

−−→
BB1 +m

−−→
CC1 = 0.

Proof. The point Q with homogeneous barycentric coordinates (k : l : m), k+l+m =
0 is infinite point. Parallel lines have the same infinite point. The line l through
G = (1 : 1 : 1) with infinite point Q has equation (see [3, §4.2.2]) :∣∣∣∣∣∣

k l m
1 1 1
x y z

∣∣∣∣∣∣ = 0

Or l : (l −m)x+ (m− k)y + (k − l)z = 0

Figure 2.

The lines perpendicular to l have infinite point (see [3, §4.5]) :

Q′ = (SBl − SCm : SCm− SAk : SAk − SBl)

The line LA through A perpendicular to l has equation∣∣∣∣∣∣
SBl − SCm SCm− SAk SAk − SBl

1 0 0
x y z

∣∣∣∣∣∣ = 0

Or LA : (SAk − SBl)y − (SCm− SAk)z = 0

Let A1 = l ∩ LA. In absolute barycentric coordinates is

A1 =
2k2SA + l2SB +m2SC − c2kl − b2km

δ
A

+
(l −m)(kSA −mSC)

δ
B +

(l −m)(lSB − kSA)
δ

C

δ = 2k2SA + 2l2SB + 2m2SC − c2kl − b2km− a2lm

A1 − A =

(
(l −m)(mSC − lSB)

δ
:
(l −m)(kSA −mSC)

δ
:
(l −m)(lSB − kSA)

δ

)
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By analogy:

B1 −B =

(
(m− k)(mSC − lSB)

δ
:
(m− k)(kSA −mSC)

δ
:
(m− k)(lSB − kSA)

δ

)
C1 − C =

(
(k − l)(mSC − lSB)

δ
:
(k − l)(kSA −mSC)

δ
:
(k − l)(lSB − kSA)

δ

)
Hence −−→

AA1 +
−−→
BB1 +

−−→
CC1 = (A1 − A) + (B1 −B) + (C1 − C) = 0

k
−−→
AA1 + l

−−→
BB1 +m

−−→
CC1 = k(A1 − A) + l(B1 −B) +m(C1 − C) = 0

�

Remark. The condition from Lemma 1 a) is independent from k, l,m and it is true
for all lines through G. See [1, Theorem 5.19, p. 112]

Theorem 5. Let l be line through G = (1 : 1 : 1) with infinite point (k : l :
m), k+ l+m = 0. Let L is a line perpendicular to l. For all points P of the line L,
σ = kp2a + lp2b +mp2c = const.

Proof. Let the point P lies on the line L and P1 = l ∩ L. See Figure 2. Let
σ1 = kP1A

2 + lP1B
2 +mP1C

2.

σ1 = kP1A
2 + lP1B

2 +mP1C
2

= k(P1A
2
1 + AA2

1) + l(P1B
2
1 +BB2

1) +m(P1C
2
1 + CC2

1)

σ = kPA2 + lPB2 +mPC2

= k(P1A
2
1 + (
−−→
AA1 +

−−→
P1P )

2) + l(P1B
2
1 + (

−−→
BB1 +

−−→
P1P )

2) +m(P1C
2
1 + (

−−→
CC1 +

−−→
P1P )

2)

= σ1 + (k + l +m)
−−→
P1P

2 + 2
−−→
P1P (k

−−→
AA1 + l

−−→
BB1 +m

−−→
CC1)

By Lemma 1: k
−−→
AA1 + l

−−→
BB1 +m

−−→
CC1 = 0. Hence

σ = σ1 = const.

�

8. σ(n) = anp2a + bnp2b + cnp2c

σ(n) = anp2a + bnp2b + cnp2c

=
(b2cn + c2bn)u2 + (c2an + a2cn)v2 + (a2bn + b2an)w2 + 2anSAvw + 2bnSBwu+ 2cnSCuv

(u+ v + w)2

When P has homogeneous barycentric coordinates (an : bn : cn), see (5),

σQ(n) =
a2bncn + b2cnan + c2anbn

an + bn + cn

Theorem 6. Let CQρ be a circle with center Q = (an : bn : cn) and radius ρ. For
the points of the circle CQρ, σ(n) = const.

Proof. . The equation of the circle CQρ is , see (6):

a2yz + b2xz + c2xy − (x+ y + z)

(an + bn + cn)2
((b2c2n + c2b2n + 2bncnSA)x+ (c2a2n + a2c2n + 2ancnSB)y

+ (a2b2n + b2a2n + 2anbnSC)z − (an + bn + cn)2(x+ y + z)ρ2) = 0
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For point P = (u : v : w) ∈ CQρ, (ρ = const) , see (7) :

σ(n) =
a2bncn + b2cnan + c2anbn

an + bn + cn
+(an+bn+cn)ρ2 = σQ(n)+(an+bn+cn)ρ2 = const.

�

Corollary 4. For distances pa = PA, pb = PB, pc = PC between point P and the
vertexes of the triangle ABC is valid

anp2a + bnp2b + cnp2c >
a2bncn + b2cnan + c2anbn

an + bn + cn

with equality if and only if P has homogeneous barycentric coordinates (an : bn : cn).

9. Pedal triangle

Figure 3.

Theorem 7. Let k+ l+m 6= 0. Let CQρ be a circle with center Q = (k : l : m) and
radius ρ. For the points P of the circle CQρ,

k

a2
PbPc

2 +
l

b2
PcPa

2 +
m

c2
PaPb

2 = const.

Proof. The quadrilaterals PPbAPc, PPcBPa, PPaCPb are inscribed quadrilaterals
with diameters of the circles PA, PB, PC respectively, Figure 3. By the law of
sines applying to triangles APbPc, BPcPa, CPaPb, we have

PbPc = PAsinA , PcPa = PBsinB , PaPb = PCsinC

Applying the law of sines to triangle ABC, we have

sinA =
a

2R
, sinB =

b

2R
, sinC =

c

2R
It follows that

PbPc =
aPA

2R
, PcPa =

bPB

2R
, PaPb =

cPC

2R

k

a2
PbPc

2 +
l

b2
PcPa

2 +
m

c2
PaPb

2 =
kPA2 + lPB2 +mPC2

4R2

=
a2lm+ b2mk + c2kl

4R2(k + l +m)
+
k + l +m

4R2
ρ2 = const . (see Theorem 4 )
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�

Theorem 8. Let k + l +m = 0. Let l be line through G = (1 : 1 : 1) with infinite
point (k : l : m). Let L is a line perpendicular to l. For all points P of the line L

k

a2
PbPc

2 +
l

b2
PcPa

2 +
m

c2
PaPb

2 = const.

Proof. By Theorem 5 follows

k

a2
PbPc

2 +
l

b2
PcPa

2 +
m

c2
PaPb

2

=
kPA2 + lPB2 +mPC2

4R2
=

σ

4R2
= const.

�

10. Examples

10.1. Incircle.

Example 1. Let P be a point on incircle of triangle ABC with S – twice the area
of triangle. Then

a.PA2 + b.PB2 + c.PC2 = abc+
S2

a+ b+ c

Proof. It is known that the inradius r = S
(a+b+c)

. From (3)

σ(1) = abc+ (a+ b+ c)r2 = abc+
S2

a+ b+ c

�

10.2. Circumcircle.

Example 2. Let P be a point on the circumcircle of triangle ABC. Then sum
a2SAp

2
a + b2SBp

2
b + c2SCp

2
c = a2b2c2.

Proof. It is known that the circumcenter5 has homogeneous barycentric coordinates
O = (a2SA : b2SB : c2SC) (See [3, §3.1.1]) and circumradius R = abc

2S
. From (7):

a2SAp
2
a + b2SBp

2
b + c2SCp

2
c

=
a2b2c2(SBSC + SCSA + SASB)

a2SA + b2SB + c2SC
+ (a2SA + b2SB + c2SC)R

2

=
a2b2c2S2

2S2
+ 2S2 (abc)

2

4S2

= a2b2c2

�

5The circumcenter appears in ETC [2] as the point X3 .
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10.3. Euler line.

Example 3. Let P be a point on the Euler line of triangle ABC. The sum σ =
(b2 − c2)p2a + (c2 − a2)p2b + (a2 − b2)p2c = 0.

Proof. The line containing O,G,H is called the Euler line of triangle ABC .
The equation of the Euler line LE , as the line joining the centroid G = (1 : 1 : 1) to
the orthocenter H = (SBC : SCA : SAB) is (see [3, §4.1.2])

(SAB − SCA)x+ (SBC − SAB)y + (SCA − SBC)z = 0

The infinite point of the Euler line is the point X30 = (3SBC − S2 : 3SCA − S2 :
3SAB −S2). The infinite point of the line l perpendicular to Euler line is (SC −SB :
SA − SC : SB − SC) = (b2 − c2 : c2 − a2 : a2 − b2).
For point O, σ = (b2 − c2)R2 + (c2 − a2)R2 + (a2 − b2)R2 = 0.
For point G,

σ = (b2 − c2)
(
2

3
ma

)2

+ (c2 − a2)
(
2

3
mb

)2

+ (a2 − b2)
(
2

3
mc

)2

=
1

9
((b2 − c2)(2b2 + 2c2 − a2) + (c2 − a2)(2c2 + 2a2 − b2)

+ (a2 − b2)(2a2 + 2b2 − c2)) = 0

According Theorem 5 the sum σ = (b2−c2)p2a+(c2−a2)p2b+(a2−b2)p2c = const = 0
for all points P from the Euler line LE . �

10.4. Same inequalities. See corollary 4

n Center Q σ(n) = anp2a + bnp2b + cnp2c

4 X32 σ(4) > a2b2c2(a2b2+b2c2+c2a2)
a4+b4+c4

3 X31 σ(3) > a2b2c2(ab+bc+ca)
a3+b3+c3

2 K = X6 σ(2) > 3a2b2c2

a2+b2+c2

3
2

X365 σ(3
2
) > a3/2b3/2c3/2(

√
a+

√
b+

√
c)

a3/2+b3/2+c3/2

1 I = X1 σ(1) > abc

1
2

X366 σ(1
2
) >

√
abc(a3/2+b3/2+c3/2)√

a+
√
b+

√
c

0 G = X2 σ(0) > 1
3
(a2 + b2 + c2)

−1 X75 σ(−1) > a3+b3+c3

ab+bc+ca

−2 X76 σ(−2) > a4+b4+c4

a2b2+b2c2+c2a2
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